
ISSN1330–0008
CODEN FIZAE4

A RIEMANN–HILBERT APPROACH TO POLARIZEDSOLITONSIN A
THREE–LEVELMEDIUM

SUKANYA BURMAN andASESHROY CHOWDHURY

High Energy PhysicsDivision,Departmentof Physics,JadavpurUniversity,
Calcutta700032,India

Received18November1996

UDC 538.958

PACS42.50.-p

Solitonsdueto theinteractionof polarizedwavesin optically nonlinearmediahave been
analysedusingtheRiemann–Hilberttransform.We considerthepropagationandinterac-
tion of differentlypolarizedtwo–frequency ultrashortopticalpulsesin a resonantmedium
consistingof three–level particles.Theexactform of thesolitonsis obtainedexplicitly.

1. Introduction

Nonlinearopticsis oneof the mostimportantfieldsof physicswheresolitonsplay a
dominantrole. Suchsolitonshave beenobservedexperimentally. Elaboratepapershave
beenpublishedby severalauthors:Basharov andMaimistov [1], Steudel[2] andKaup[3],
who analysedthe problemthroughinversescatteringtechnique.Later, Roy Chowdhury
andDe [4,5] showed how the sameproblemor its generalizationcanbe moreelegantly
treatedusingtheRiemann–Hilbertapproach[6]. In general,therearetwo classesof prob-
lemswhichdeserveattention.Oneis thepropagationof opticalpulsesin afibre– thefibre
optics.This is of primeimportancein thepresentdayscenariodueto the introductionof
new modesin communicationtechnology. In general,thepropagationof a nonlinearwave
in anopticalfibre is describedby thesocalledunstablenonlinearSchr̈odingerequation.
Suchan equationwasoriginally deducedby Wadatiet al. [7] andsubsequentlystudied
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by many authors,e.g.MukhopadhyayandRoy Chowdhury[8], FuchssteinerandKonope-
lochen[9] andothers.On theotherhand,a separateclassof problemsinvolvesthestudy
of theinteractionof suchanopticalpulseduringits propagationin a liquid medium.When
anultrashortopticalpulsepropagatesin a liquid or gaseousmedium,someimportantphe-
nomenatake placesuchas self inducedtransparency [10], simulatedRamanscattering
[11], simulatedBrillouin scattering[12], etc.Ourmotivationwasto analysethelatterprob-
lem.Sincetheexperimentsarealwaysperformedwithin afinite boundary, it is interesting
andencouragingto dispensewith the ideaof scattering[13]. In this communication,we
treatthesituationwhenapolarizedtwo–frequency ultrashortopticalpulseinteractswith a
three–level medium.Thedegeneracy of themediumis takeninto account,whichis typical
for realmediasuchasgases,andis necesarryfor thedescriptionof therealsituation.The
equationsunderconsiderationwereformulatedby Basharov andMaimistov [14].

2. Formulation

ThegeneralizedMaxwell–Blochequations,includingarbitrarypolarization,arecon-
sideredin the caseof equalresonanceabsorptionlengthsΛ

�
Eb � Ec � Ea � andv

�
Ec �

Ea � Eb � at the two frequencies,whereEb is the three–folddegeneratelevel andnon–
degeneratelevelsareEa andEc. We considerthecollinearpropagationof two–frequency
ultrashortpulseswith electricfields;

E j � E j exp
�
i
�
k jz � ω jt � � � c � c � � j � 1 � 2

undertheconditionof doubleresonance

ω1 � 	Eb � Ea
	

h̄
� ω2 � 	Eb � Ec

	
h̄

�
Thestatesof theatomin themediumaredescribedby thedensitymatricesϕa

mm
 , ϕb
uu


andϕc
vv
 which characterizethestatesof theatomin thecorrespondingenergy levels.The

equationscanthenbewrittenas;
∂εq

j
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∂
∂τ

mqq� ��� i ∑
j � 1� 2 � εq�

j pq�
j � pq�

j εq�
j � �

∂
∂τ

r ��� i ∑
q � εq

1pq�
2 � εq�

2 pq
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whichdescribeboththev � andΛ � configurationdefinedby thefollowing relations:

v–configuration

ε1 � E1t0dab�
3h̄ �

ε2 � E2t0dcb�
3h̄ �

ε1 andε2 arethetwo componentsof theelectricfield, and

pq
1 � ϕ � ab�

0q

N0
� pq

2 � ϕ̃ � cb�
0q

N0
� r � ϕ̃ � ab�

00

N0
�

n1 � ϕ � a�00

N0
� n2 � ϕ � c�00

N0
� mqq� � ϕ � b�qq�

N0
� N0 � Nb

3 �
Λ–configuration

ε1 � E1t0dba�
3h̄ � ε2 � E2t0dbc�

3h̄ �
pq

1 � ϕ̃ � ba�� q0

N0
� pq

2 � ϕ̃ � bc�� q0

N0
� r ��� ϕ̃ � ca�

00

N0
�

n1 ��� ϕ � a�00

N0
� n2 � � ϕ � c�00

N0
� mqq� � � ϕ � b�� q� � q

N0
� N0 � Na �

Heret0 � 2πω1 � dab� 2N0 ! 3h̄� � 1" 2 is a constantwith thedimensionof time,Na andNb are
thedensitiesof atomspopulatingthe lower level in thev � Λ � -configuration,indicesq and
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q# canhave values $% 1, anddab representdipolemoments.TheLax pair of equationsfor
thesystem(1) canbewrittenas:

∂
∂τ & ψ ' %)(**+-, iλ 0 , iε . 1

1 , iε . 1
2

0 , iλ , iε1
1 , iε1

2, iε . 1/
1 , iε1/

1 iλ 0

, iε . 1/
2 , iε1/

2 0 iλ

0 112 & ψ ' 3 & 2a'
∂

∂ϕ & ψ ' % i
2λ 4 ∆

(**+5, m. 1. 1 , m1 . 1 p. 1
1 p. 1

2, m. 11 , m11 p1
1 p1

2
p. 1/

1 p1/
1 , n1 , r /

p. 1/
2 p1/

2 , r , n2

0 112 & ψ ' & 2b'
whereψ is theLax eigenfunction,acolumnvectorwith four components.In thefollowing
we will develop the Riemann–Hilbertapproachto explore the structureof the nonlinear
fields p1, q1, ε1 etc.

3. Riemann–Hilbertapproach

In the Riemann–Hilbertapproach[6], onestartsfrom a seedsolutionof the inverse
problem,which is actually a trivial solution of the given nonlinearproblem. One then
assumesthat ψ is ananalyticfunction in thecomplex λ–planewith boundaryvaluesψ 6
andψ . , respectively, in the insideandoutsidedomainof a contourin thesameλ–plane,
satisfyingtherelation:

ψ 6 ψ . % G & λ ' 3 & 3'
whereG is a givenmatrix function.Theproblembecomesfurthersimplifiedif G is taken
to beanunit matrix.With theassumptionthatψ undergoesa transformationof thetype

ψ % χψ0 3 & 4'
whereψ0 is thesolutionof theLax equationcorrespondingto seedsolution,weget

u % χσχ . 1 4 χu0χ . 1 3 & 5'
u standingfor thematrix on the right–handsideof Eq. (2a)andu0 its valuefor theseed
solution.Onenow assumesthatχ hasa simplepole

χ % 1 4 R
λ , λ1

3 & 6'
χ . 1 % 1 4 S

λ , µ1 7
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χχ 8 1 9 1 thenentails

R 9 : S 9 ; λ1
: µ1 < P; P2 9 P= ; 6a<

Usingthis form of χ in Eq.(5), andequatingresidueat thepole,weget

u 9 u0 >@? SA AB A ; 7<
where

A 9DCEF : iλ 0 0 0
0 : iλ 0 0
0 0 iλ 0
0 0 0 iλ

G HI =
Equation(7) clearly shows that, startingfrom u0, we canreconstructthe generalu and
hencethenonlinearfield asfunctionof x andt. In theparticularcaseunderconsideration,
wechoosetheseedsolutionto be:

ε J 1
1
9 ε J 1

2
9 ε J 1K

1
9 ε J 1K

2
9 0 A

and
m8 18 1

9�: α A m11
9 : β A n1

9�: γ A n2
9 : δ A

α A β A γ andδ) beingconstants,andtherestof thefieldsbeingzero.For this simplesetof
values,it is possibleto solve theLax pairandobtainthesolution,L

ψ0 M 9 g0 A ; 8<
whereg0 is thecolumnvector,

g0
9ON e8 ix1 P λ Q A e8 ix2 P λ Q A e8 iy1 P λ Q A e8 iy2 P λ Q R t =

Heret standsfor transpose,and

x1
; λ < 9 λτ > ασ

2λ > ∆
A

x2
; λ < 9 λτ > βσ

2λ > ∆
A

y1
; λ < 9 λτ : γσ

2λ > ∆
A ; 9<

y2
; λ < 9 λτ : δσ

2λ > ∆
=
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TheprojectionoperatorP in Eq.(6a)canbeconstructedwith Sψ0 T as:

P U Sψ0 T5V ψ0 SV ψ0 Sψ0 TXW Y 10Z
which in turn yieldsS, andwhenthis is usedin Eq. (7), we areled to thenew nonlinear
field. Sincethe algebraicexpressionsbecomevery complicatedin the generalcase,we
haveconsideredthespecialsituationwhenβ U α, δ U γ, (µ U [ λ, α U [ γ). For example,
weobtain

p\ 1
1 U 1

2
exp ] 2iγσ∆

∆2 [ 4λ2 ^ sech ] 2iλτ _ 4iγσλ
∆2 [ 4λ2 ^ W Y 11Z

which is theform of a one–solitonsolution.It is a complex functionsincethe p\ 1
1 field is

complex.

4. Two–solitoncase

To obtainmultisolitonsolution,weset

χ U 1 _ R1

λ [ λ1
_ R2

λ [ λ2 W
χ \ 1 U 1 _ S1

λ [ µ1
_ S2

λ [ µ2 ` Y 12Z
Theconditionχχ \ 1 U 1 leadsto

S1 _ S1R1

λ1 [ µ1
_ S1R2

λ1 [ µ2
U 0 W

R1 [ S1R1

λ1 [ µ1
[ S2R1

λ2 [ µ1
U 0 W

S2 _ S2R1

λ2 [ µ1
_ S2R2

λ2 [ µ2
U 0 W Y 13Z

R2 [ S1R2

λ1 [ µ2
[ S2R2

λ2 [ µ2
U 0 `

To obtaina solution,weassumethateachof thematricesS1, R1, etc.canbewrittenasthe
productof two four–componentvectorsY S1 Z i j U piq j WaY S2 Z i j U r it j W
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R1 c i j d xiy j e b R2 c i j d kizj e b

14c
wherethevectorsxi , qi , ki andti areconstructedwith theseedsolutionψ0

b
λ c andsome

constantvectorsai , ai , bi , bi asfollows

xi d ψ0
b
µ1 c ai e ki d ψ0

b
µ2 c bi e

q j d a jψ0
b
λ1 c e t j d b jψ0

b
λ2 c f b

15c
ThenEq.(13)canbeexplicitly solvedfor yi , zi , pi andr i

y j d b λ g µ1 c b λ2 g µ1 c
N h b λ2 g µ2c t j σ g b λ1 g µ2 c q jβi e

zj d b λ2 g µ2c b λ1 g µ2 c
N h b λ2 g µ1c t jα g b λ1 g µ1 c q j r i e

pi d b λ1 g µ2 c b λ1 g µ1c
M h b λ2 g µ2 c kiγ g b λ2 g µ1 c xiβi e

r i d b λ2 g µ2c b λ2 g µ1 c
M h b λ1 g µ2 c kiα g b λ1 g µ1 c xiσi e b

16c
where

M d b λ1 g µ1c b λ2 g µ2 c σγ g b λ1 g µ2 c b λ2 g µ1c αβ e
M d b λ2 g µ1c b λ1 g µ2 c αβ g b λ2 g µ2 c b λ1 g µ1c σγ e
N d b λ2 g µ2c b λ1 g µ2 c αβ g b λ1 g µ1 c b λ2 g µ2c σγ e

with
α d ∑qkxk e β d ∑ tktk e
γ d ∑tkxk e σ d ∑qkkk f

Goingbackto Eq.(5) andrepeatingthecomputationwith thetwo polestructure,weget

ui j d ui j j h S1 e Ai i j j h S2 e Ai i j f b
17c

For example,for theelementof Eq.(13),weget

u13 d u0
13 j h S1 e Ai 13 j h S2 e Ai 13 f b

18c
iε k 1 dml λ1 g µ2 n l λ2 g µ1 n N1

D
g l λ1 g µ1 n l λ2 g µ2 n N2

D e
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where
N1 o a3b1A1coshz22 p b3a1coshz11 q
N2 o a3b1B12coshz12 p b3a1coshz21 q

B jk o�r λ j s µk t exp r x j p yk t q r 19t
Al o�r λl s µl t exp r xl p yl t q

xl o λl τ p iγσ
2iλl p ∆

q yk o µkτ s iασ
2iµk p ∆ q

zi j omu µi s λ j v τ p 2ασ u λ j s µi vr 2iλ j p ∆ t r 2iµi p ∆ t q
giving the two–solitonsolution. Similar expressionscan alsobe derived for otherfield
variables.

5. Discussion

In thepresentsituation,theLax pairof equationsis givenby 4 w 4 matrices.In general,
it becomesverycumbersometo formulatetheinverseproblemfor any Lax equationwhose
matrix is 2 w 2 or larger. Also, due to the importanceof the finite boundary, it is not
advisableto usethelanguageof thescatteringtheory. In thisstudy, wehaveshown thatthe
methodologyof Riemann-Hilbertproblemcanbeusedto studya4 w 4 Lax problemwhich
circumventsboth thesedifficulties. In fact, it is possibleto constructeven the N-soliton
solutionsin a systematicmanner. Onemay notethat the previous treatmentof a similar
problemconsideredonly atwo-level medium,while ouranalysisextendsto thethree-level
situation,and the degeneracy of the levels is also taken into account.The two soliton
solutionscanbeusedto studytheinteractionof solitons.Suchphenomenaareof utmost
importancein nonlinearopticsin generalandhave foundmany practicalapplications.
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RIEMANN–HILBERTOV PRISTUPPOLARIZIRANIM SOLITONIMA U SREDSTVU
STRI NIVOA

UporabomRiemann–Hilbertovetransformacijeproǔcavajusesolitoninastalimed–udjelovanjem
polariziranihvalova u optički nelinearnomsredstvu.Odred–ena su egzaktnasolitonska
rješenjaza širenje i medudjelovanje dvo–frekventnih ultrakratkih optičkih pulseva ra-
zličitih polarizacijau rezonantnomsredstvusačesticamanatri nivoa.
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