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The study aims at explaining the behaviour of some of the very important observ-
ables measured in the latest lead-lead collisions at CERN in the light of a variety
of the sequential chain model. Calculated values, to our surprise, are in excel-
lent agreement with the measurements, especially when the effect of cascading and
rescattering is empirically introduced in the calculations of the average transverse
momenta. Implications of the results are discussed.
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1. Introduction

Relativistic nucleus-nucleus collisions are believed to offer the unique oppor-
tunity to produce and thus ‘observe’ hadronic matter at high temperatures and
densities in the laboratory. In recent experiments at the CERN-SPS, a variety of
reactions ranging from p+p via p+A to finally Pb+Pb collisions with controlled
impact parameter and with different centralities are studied [1–3]. The ultimate
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goal is supposed to be the observation of the exotic states of strongly interacting
matter, e.g. the formation of the quark-gluon plasma (QGP) [4]. Before one can
conclude that new effects are a convincing proof of the QGP formation, one has to
study carefully the consequences of the interaction mechanism.

There are various experimental observables which give access to the physics
of both hadronic and nuclear collisions. The nature of multiplicity ratios and the
behaviour of the average transverse momenta of emitted secondaries, which will
come under focus of the present study, constitute a very significant cornerstone.
Secondly, electromagnetic radiation and lepton pairs are also interesting because
they provide very penetrating probes, but they are strongly suppressed relative
to the hadronic signals. Newly produced hadrons dominate the final state at high
energies. However, near the production threshold, i.e. at relatively low energies,
they are interesting observables because their emission characteristics are strongly
affected by the interplay between the medium and the threshold effects [5].

Our attempt here is to interpret a part of the data observed, measured and
reported by the NA49 group [1–3] on Pb-Pb collisions that can be understood with
the help of a model based on a non-QGP approach, with some other ancillary
physical ideas. We regard it to be an important task for the following reasons:
firstly, several possible signatures have been proposed for the observations of a
QGP-state of matter, but no unambiguous proof of its existence has yet been
ascertained or confirmed [6]. Secondly, Gorenstein et al. [7] showed in a recent
paper that p̄/π ratios could be explained nicely by using statistical models of hadron
production in heavy-ion collisions. So, it is imperative that we apply our model to
confront the latest available data, and wish the model to pass the acid test of the
up-to-date results. All this might enable us to arrive at a conclusion of the sort
that the diagnostics so far proposed in the field would not suffice to indicate what
they are actually supposed to represent.

The plan of this work is as follows. Subsection 2.1 deals with the model we intend
to apply. In Subsect. 2.2, we focus on the average transverse momenta, followed by
the Sect. 3 wherein the concept of wounded nucleons is taken into account. Lastly,
we present the results we have obtained and the relevant conclusions in Sections 4
and 5, respectively.

2. Nucleon-nucleon collisions at high energies

2.1. A specific multiple production model

We use here a variety of the sequential chain model (SCM) [8–10] to study
some of the main characteristics and the crucial observations in Pb-Pb collisions.
A standard connector for the transitions from the results of nucleon-nucleon col-
lisions to the relationships for Pb-Pb (nucleus-nucleus, in general) collisions will
be introduced in the next section. The expressions derived on the basis of rigorous
field-theoretic considerations for the inclusive production cross-sections and average
multiplicity values of the various types of secondary pions (of any variety), kaons
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(of each type) and antiprotons produced in the chain are given by the following
sets of relations.

For any variety of secondary pions (π+, π− or π0 ), we have

E
d3σ

dp3
|pp→π−x

∼= Cπ− exp
( −26.88 p2

T

< nπ− >pp (1 − x)

)
exp(− 2.38 < nπ− >pp x) ,

(1)
where |Cπ| ∼= 90 for the ISR energy region, but for pp̄ collider energy it will increase
as the inelastic cross-section increases, when

< nπ+ >pp
∼= < nπ− >pp

∼= < nπ0 >pp
∼= 1.1 s1/5 (2)

for very high energies, and at low pT

E
d3σ

dp3
|pp→π−x

∼= E
d3σ

dp3
|pp→π+x

∼= E
d3σ

dp3
|pp→π0x . (3)

Similarly, for kaons of any specific variety ( K+, K−, K0 or K̄0 ), we have

E
d3σ

d3p
|pp→K−x

∼= CK− exp

(
− 1.329 p2

T

< nK− >
3/2
pp

)
exp(−6.55 < nK− >pp x) , (4)

with |CK− | ∼= 11.22 for ISR energies, and with

< nK+ >pp
∼= < nK− >pp

∼= < nK0 >pp
∼= < nK̄0 >pp

∼= 5 × 10−2 s1/4 ,
(5)

and at low pT

E
d3σ

dp3
|pp→K−x

∼= E
d3σ

dp3
|pp→K+x

∼= E
d3σ

dp3
|pp→K0x or K̄0x . (6)

For low-pT antiproton production in pp scattering at high energies, the derived
expression for inclusive cross-section is

E
d3σ

dp3
|pp→p̄x

∼= Cp̄ exp

(
− 0.66 ((p2

T )p̄ + µ2
p̄)

< np̄ >
3/2
pp (1 − x)

)
exp(− 25.4 < np̄ >pp x) , (7)

with |Cp̄| ∼= 1.87 × 103, for ultrahigh energies

< np̄ >pp
∼= < np >pp

∼= 2 × 10−2 s1/4 , (8)

and at low pT

E
d3σ

dp3

∣∣nls
pp→px

∼= E
d3σ

dp3
|pp→p̄x

nls
. (9)

Here nls stands for nonleading-secondaries.
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2.2. Rise of average transverse momentum and the values of average
transverse momentum for various secondaries

The average transverse momentum for any secondary (c) is defined as

< pT >c =
∫

F (x, pT ) pT dp2
T∫

F (x, pT ) dp2
T

. (10)

Using the above definition and putting into use the altered forms of inclusive cross-
sections for respective particles, we arrive at

< pT >π+

pp = < pT >π−
pp = < pT >π0

pp
∼= 3.15 × 10−1 s1/10 GeV/c , (11)

< pT >K+

pp = < pT >K−
pp = < pT >K0 or K̄0

pp
∼= 6.2 × 10−2 s3/16 GeV/c ,

(12)

< pT >p̄−nls
pp = < pT >p−nls

pp
∼= 7.5 × 10−2 s3/16 GeV/c . (13)

They were, of course, derived here on the basis of the assumption of approximate
energy independence of inclusive cross-sections which, in actuality, does not repre-
sent reality. But, as the correction factor is not very large, we neglect the contri-
bution here.

3. Nucleus-nucleus collisions and the nucleon-nucleon
reactions: the overbridge

Basically, the philosophy is rooted in the work of Glauber and Matthiae [11].
For the purpose of calculations and operational considerations, we proceed in the
route built up by Kadija et al. [12] through the process of computational reckoning
of the number of ‘wounded’ nucleons and the number of wounded partons in nuclear
collisions.

The inelastic nucleus-nucleus collisions can be described as an incoherent su-
perposition of the collisions of individual nucleons. In collisions of a high-energy
nucleon N with a target nucleus A of mass number A, the wounded nucleon number
WN (A) comes into play. Similarly, WN

A1
(A2) denotes the number of wounded nucle-

ons in the target nucleus of mass number A2, in a collision with a projectile nucleus
of mass number A1. In experiments, the NA49 group [1,2] indicated a correspon-
dence and relationship of these factors with the number of participant nucleons
(Npart) representing nucleons that had suffered an ‘interaction’. It was further sug-
gested that this number, Npart, could be obtained by the direct measurements of
the net proton and kaon spectra.

In calculating the number of wounded nucleons, Kadija et al. [12] suggested
that in collisions NA, the projectile nucleon is assumed to move on a straight line,
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defined by the impact parameter b, through the nucleus, making an interaction
whenever it comes close enough to a target nucleon Nj

(xp
0 − xj)2 + (yp

0 − yj)2 ≤ σNN

π
, j = 1, ..., A; xp

0 = bx; yp
0 = by (14)

Here the coordinates of the projectile nucleon xp
0 , yp

0 are taken to be the x and y

components of the impact parameter vector ~b = (bx, by) defined in the centre of
mass of the target system.

The extrapolation to nucleus–nucleus (A1A2) collisions is obvious. The number
of projectile and target nucleons (with the coordinates xp

i = xi + bx, yp
i = yi + by

(i = 1, ..., A1) and xj , yj (j = 1, ..., A2)) which will participate in the collisions
can be calculated, demanding that

(xi
p − xj)2 + (yi

p − yj)2 ≤ σNN

π
i = 1, ..., A1; j = 1, ..., A2 . (15)

Following Kadija et al. [12], we propose here that the number of wounded nucleons
is to be expressed in the form

WN
A1

(A2) ∝ [(A1A2)1/3 σNN]β , (16)

where β ≈ 0.81, with the assumption that, although the nucleon becomes excited
(wounded) as a result of consecutive collisions, it remains essentially in nucleonic
state and thus it interacts with the same cross-sections as the original nucleon [13].

The hints for practical calculations from above are: a) the number of wounded
nucleons would have a certain dependence on the basic nucleon(N)-nucleon(N) to-
tal cross-sections through the involvement of impact parameter; b) the number
of wounded nucleons does have a simple proportionality relation with the mass
numbers (A1A2) of the nuclei, in the form of (A1A2)1/3.

Now, for the calculation of σNN , there is a well known formula given by the
Particle Data Group [14] and by Cudell et al. [15], which correlate σNN with the
square of c. m. energy, i.e. with s. Actually, it is of the form ∼ sε. In other words,
σNN varies as sε, or more precisely,

σNN ∼ k′sε . (17)

The value of σNN for Pb-Pb collisions is calculated according to this formula and
it is found to be ≈ 38.66 mb. We can write

s ∼= k(WN
A1

(A2))1/0.5103 . (18)

Here, k is the product of two terms of which one depends on the nature of the
secondary particles produced and the other on 1/(A1A2)0.27.
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4. Results and discussion

A. Pb+Pb collisions and the average multiplicities of pions, kaons
and antiprotons

The multiplicity in an event involving nuclear collisions is closely related to
the number of participating nucleons, and the fluctuations in the number of par-
ticipants is large compared to the multiplicity fluctuations from a single collision.
The produced particle multiplicities are to a large extent dominated by the im-
pact parameter rather than the detailed dynamics and the structure of the hadrons
involved in the collisions [12].

On the basis of the expressions stated above, we write the following relations

< nπ+ > = < nπ− > = < nπ0 > ∼= 0.1794 (WN
A1

(A2))0.3919 , (19)

< nK+ > = < nK− > = < nK0 or K̄0 > ∼= 0.0123 (WN
A1

(A2))0.4899 , (20)

< np > = < np̄ > ∼= 0.0024 (WN
A1

(A2))0.4899 . (21)

The results are plotted for different numbers of participating nucleons and are
shown by the lines in Figs.1 and 2. For the pion production, an empirical rescat-
tering contribution term has been introduced in Fig.1.

0

1

2

3

4

5

6

7

50 100 150 200 250 300 350 400

 T
ot

al
 y

ie
ld

s/
P

ar
tic

ip
an

t n
uc

le
on

s

Number of participants

π
This work

Fig. 1. Dependence of the total yields per participant nucleon on the number of
participants in Pb+Pb collisions. Values for average charged pions are taken from
NA49 data. The line shows the theoretical fit.
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Fig. 2. Dependence of the total yields per participant nucleon on the number of
participants in Pb+Pb collisions. Values for average kaons and antiprotons are
taken from NA49 data. The lines show the theoretical fits.

B. Multiplicity ratios of p̄/π

The ratios of p̄/π for different numbers of participating nucleons are shown in
the Table 1 and are plotted in Fig. 3. Introduction of the rescattering contribution
in pion production has yielded fair agreement with the data.
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Fig. 3. The preliminary NA49 data on the antiproton to pion ratio in centrally
selected Pb+Pb collisions at 158A GeV are plotted as a mean number of wounded
nucleons. The line shows the expected theoretical fit within SCM.
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Table 1. Dependence of the ratio p̄/π on the number of participants.

No. of participants 65 125 175 230 285 350
p̄/π 0.018 0.019 0.020 0.020 0.021 0.021

C. Average transverse momentum for pions, kaons and antiprotons

By applying the same procedure, we get the expressions for average transverse
momenta. We can write

< pT >π+
= < pT >π−

= < pT >π0 ∼= 0.0747 (WN
A1

(A2))0.1959 , (22)

< pT >K+
= < pT >K−

= < pT >K0 or K̄0 ∼= 0.0791 (WN
A1

(A2))0.3674 ,
(23)

< pT >p̄−nls = < pT >p−nls ∼= 0.0955 (WN
A1

(A2))0.3674 . (24)

Now we would consider and introduce empirically the effect of cascading and rescat-
tering on average transverse momenta of the secondaries produced. As in ultrarel-
ativistic heavy-ion collisions, there is a certain degree of cascading and rescattering
processes [16] which cannot be ignored altogether. We assume a fully statistical
and charge-independent behaviour for cascading and rescattering effects as a first
approximation. As we have accepted the collisions to be nearly central, we cannot
ignore the role of cascading and rescattering in the overlap regions of the collid-
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Fig. 4. Dependence of the average transverse momentum (xF = 0) on the number
of participants done by NA49 Collaboration for the Pb+Pb collisions. The lines
show the values for the theoretical SCM.
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ing nuclei which will contribute independently to particle production. The role of
these two effects is here computed empirically with the reckoning of the factor
≈ (ν̄k(A))ε, with ε ¿ 1. Here, ν̄k(A) is the number of secondary collisions of the
produced particles.

The average transverse momenta < pT >x of particles of type x is assumed to
be a sum of primary and secondary interactions. With this assumption, we can
write

< pT >x = Cx (WN
A1

(A2))Bx + αx (ν̄k(A))ε GeV/c . (25)

ν̄k(A) is taken ≈ 14 from Ref. [12], ε ≈ 1/15 and values of αx for π’s, K’s and p’s
are taken as 0.09, 0.002 and 0.006, respectively. The results for various hadronic
secondaries are shown in Fig. 4 versus the number of participants.

5. Summary and conclusions

The results of our calculations are based on the derived values of the average
pion, kaon and antibaryon multiplicity. While the agreement for pions is excellent
the obtained values for the kaons and antiprotons show a certain degree of de-
viation. This was expected because the production of strange mesons and also of
baryon-antibaryons is influenced by various resonance decays which we did not take
into account in the calculations. The errors of the measurements are also larger in
these cases. Secondly, the model supports the moderate observance of the antipro-
ton scaling (p̄/π ratio behaviour), though there is a very slow rise of the p̄/π ratio
with the number of participating nucleons in the nuclei. Thirdly, the slopes of the
average transverse momentum curves are well-reproduced by the model, and the
qualitative agreement in the behaviour is certainly a product of our derived expres-
sions. But in so far as the absolute values of < pT >s are concerned, there is an
element of arbitrariness in the case of nucleus-nucleus collisions, and this cannot be
eliminated now. The assumptions accompanying the naturalisation of comparisons
between nucleon-nucleon reactions and the nucleus-nucleus interactions introduce
other elements of uncertainty and error.

Further, a comment is in the order here on the specific nature of the average
transverse momentum. It is to be noted that the range of the average transverse
momentum values for high energy nucleus-nucleus collisions is nearly the same as
that in the nucleon-nucleon collision at high energies, as was reported by UA(5)
collaboration [17]. In our opinion, this is a strong indicator to a suspect physical
reality that the physics of nucleus-nucleus and of nucleon-nucleon collision should
have some basic and intrinsic resemblance, especially with regard to the production
of secondary particles in high energy collisions.

Despite these limitations, the most significant implication of the study is that
we have succeeded modestly in building, at least, a footbridge between heavy-ion
collision studies and the basic mechanism of nucleon-nucleon interactions at high
energies.
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PRINOSI ČESTICA, SKALIRANJE ANTIPROTONA I PROSJEČNI
POPREČNI IMPULSI U SUDARIMA OLOVO–OLOVO NA VISOKOJ

ENERGIJI: MODELSKA STUDIJA

Pokušavamo objasniti svojstva nekih vrlo važnih opservabli koje su u CERNu mje-
rili u najnovijim sudarima olovo–olovo i to na osnovi inačice modela lančastih ni-
zova. Na naše iznenad–enje, izračunate su vrijednosti u izvrsnom skladu s ishodima
mjerenja, posebice kada se kaskade i vǐsestruko raspršenje iskustveno uvedu u račun
poprečnih impulsa. Raspravljaju se posljedice usporedbi.
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