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IONIZATION OF ATOMS IN ENCOUNTER WITH ATOMIC PROJECTILES
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Ionization of mono-electron and multi-electron target atoms has been studied at
different impact energies ranging from 5 to 1000 keV using Born approximation.
Total cross-sections for the ionization of H, He and Ne in collision with atomic
projectiles such as H and He are reported. For the bound state wave functions of
He and Ne, simplifications are made by assuming that the atom has single active
electron and is influenced by an effective potential due to the passive electrons
and the residual core. We represent the bound state wave functions by Slater type
orbitals obtained from the model potential. In the final channel, we consider the
continuum state wave function is centered around the ionized site of the target
atom. The results thus obtained are compared with other theoretical predictions as
well as with experimental data. On comparing, reasonably good agreements have
been found in the intermediate and high energy region.
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1. Introduction

A significant progress has been made to study the direct ionization i.e. the ejec-
tion of an electron in an atom–atom collisional system. Reactions involving neutral
atoms in their ground states play an important role in plasma, fusion and many
other astrophysical processes. It is, therefore, needed to calculate the ionization
cross-sections for both slow and fast collisions to a greater accuracy.

For the single ionization of atoms by impact of fully stripped ions, many theo-
retical and experimental works have been carried out so far. The process does not
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involve much complexity as the projectile is capable of removing single electron
from the target atoms only. However, collision involving projectile having structure
(i.e. having one or more bound electrons with it) is considerably more complex to
treat theoretically. In these collisions, it may be possible that the projectile elec-
trons undergo excitation and ionization, and these are not necessarily accompanied
by target excitation or ionization. An additional theoretical problem arises when
the target atoms partially or fully screen the projectile nuclear charge, and this
screening depends on the impact parameter values of the corresponding collisions.

Bates and Griffing [1] investigated theoretically the ionization and excitation
processes involving H–H collisions in the high-energy region. They reported the
total ionization cross-section values for the above reactions. In 1968, McClure [2]
measured the cross-sections for the electron loss and electron capture by the hy-
drogen atom when it encounters with H atom targets in the energy range of 1.25
to 117 keV. He reported that the theoretical cross-section values obtained by Bates
and Griffing [1] for ionization process are by about a factor of 2 smaller than his
experimental data at 20 keV, and the values are nearly equal between 80 to 100
keV. Excitation and ionization cross-sections in collisions between ground states of
hydrogen atoms have been studied by Shingal et al. [3] using a coupled channel
method taking 22-state basis around each heavy particle. In 1996, Krstic et al.
[4] studied the single ionization of hydrogen atom by impact of hydrogen in the
low energy region of 50 eV to 4 keV. They have used the hidden crossing method
which is generalized to treat multielectron system using molecular Hartree-Fock
and configuration interaction methods. Riley and Ritchie [5] calculated the ion-
ization cross-section for the H+H system in the intermediate energy region where
most of the inelastic processes occur by solving the Schrödinger equation in space
and time and assuming one of the electrons is frozen in the 1s state. In a very
recent work [6], these authors have studied the excitation and ionization in H–H
collision, solving numerically the coupled three-dimensional Schrödinger equation
for the two electron orbitals in singlet and triplet symmetries.

Bell et al. [7] studied the ionization of helium by hydrogen atom impact us-
ing simple Born approximation. They have used the many-parameter correlated
wave functions in their calculation. The experimental data on the ionization cross-
sections were obtained by DuBois and Kover [8] in the range 25-1000 keV/amu for
single and double ionization of helium by impact of hydrogen. The values above
200 keV were of good agreement as compared to the results of Bell et al. [7].

In the present work, we restrict ourselves to calculate the total ionization cross-
sections of hydrogen, helium and neon by impact of hydrogen and helium in the
intermediate to high energy region, in the first Born approximation, taking proper
account of the electron-electron interactions.

2. Theory

The collision system in the present study is a complex one due to the presence
of more than one electron in the target atoms except hydrogen atom. In order
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to simplify it, we treat the multi-electron target atoms as having only one active
electron, which experiences an effective potential due to the residual target core
and the passive electron(s). We solve the one-electron Schrödinger equation for the
system with electronic Hamiltonian

He = −1
2
∇2

r + VT (r2) + Vp(r1) +
1

r12
(1)

(atomic units are used throughout), where ~r2(~r1) is the distance of the electron
corresponding to the nuclei of target (projectile) and ~r12 is the distance between
the two electrons. We adopt here the impact parameter formalism, where the inter-
nuclear motion is treated classically as ~R = ~p+~vt, in which ~p is the impact param-
eter and ~v the relative velocity of the projectile with the target. Time t is measured
from the instant when the two nuclei are closest to each other, i.e., at that point t
is to be considered to be zero.

The development in time t of the transition amplitude for ionization with the
ejection of an electron with momentum ~k can be written as

d
dt

(ck(p)) =
∫

[Ψ−?
f (He − i

d
dt

)Ψi]d~r , (2)

with the initial condition that at t = −∞, ck = 0. The ionization probability is
|ck(t = +∞)|2.

We consider the continuum state wave function is centered around the ionized
state of target and it takes the form

Ψkc
=

NT

(2π)
3
2
ei~k·~r2

1F1(iαT , 1;−i(kT r2 + ~kT · ~r2)) × e−ik2t/2, (3)

where αT = −qT /kT , ~kT = ~k + ~v/2, and NT = e−παT /2Γ(1 + iαT ), qT is the
asymptotic charge of the target ion. Now we can write the final state wave function

Ψ−
f = φi(r1) exp(

i
2
~v · ~r1) exp((−iε1 − i

8
v2)t) × Ψkc

, (4)

where φi(r1) is the electronic wave function of the projectile in its bound state
which is described in Sect. 2.1.

When we consider the projectile ionization, we take the continuum state wave
function around the projectiles of the form

Ψkc
=

Np

(2π)
3
2
ei~k· ~r1

1F1(iαp, 1;−i(kpr1 + ~kp · ~r1)) × e−ik2t/2, (5)

where αp = −Zp/kp, ~kp = ~k−~v/2, and Np = e−παp/2Γ(1+iαp), Zp is the asymptotic
charge of the projectile ion. Now we can write the final state wave function

Ψ−
f = φi(r2) exp(

i
2
~v · ~r2) exp((−iε2 − i

8
v2)t) × Ψkc

, (6)
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where φi(r2) is the electronic wave function of the target in its bound state which
is described in Sect. 2.1.

The above final-state wave function asymptotically satisfies the Schrödinger
equation,

(−1
2
∇2

r −
ZT

r2
− Zp

r1
+

1
r12

− i
∂

∂t
)Ψ−

f = 0 , (7)

where Zp is the nuclear charge of the projectile.

2.1. Construction of initial bound-state wave function

The interaction of active electron and the residual target ion of asymptotic
charge qT may be described in different ways. We have used a model potential of
the form

VT = −qT

r2
− exp(−λr2)

r2
{(Z − qT ) + br2} , (8)

where Z is the nuclear charge of the target ion.
This model potential contains two parts, first part represents the long-range

Coulomb potential and the second part represents the short-range potential. When
we treat the multi-electron target atom as one electron atom, the other electrons
make a core with the nuclei, there the distortion, correlation and other effects
are present. These are represented by the short-range part of the model potential
and the effective (excited) electron effect is represented by the long-range part of
this potential. So the bound-state wave functions of multi-electron target atoms
are represented by Slater type orbitals obtained from this model potential and
have reported encouraging results. In the present case, the arbitrary parameters, b
and λ are chosen variationally with respect to Slater basis set in such a way that
the corresponding Hamiltonian of the active electron is diagonalized to reproduce
correct binding energy. The binding energy of the active electron on target ion is
calculated from the tables of Clementi and Roetti [9]. To check the accuracy of the
wave function, virial theorem has been tested, and is found to be accurate within
0.01%. The present model potential is similar to those used by Ermolaev et al. [10]
and Ermolaev [11] in their studies on charge transfer processes involving lithium
and cesium targets and also used by Sahoo et al. [12] in the study of ionization of
multi-electron atoms.

The initial state wave function used in the present approach can be written as

Ψi = φi(r1)φi(r2) exp
(

i
2
~v · ~r1

)
exp

((
−iε1 − i

8
v2

)
t

)

× exp
(
− i

2
~v · ~r2

)
exp

((
−iε2 − i

8
v2

)
t

)
, (9)

with φi(r1)=
∑

j cnl
j exp(−βjr1)rl

1Ylm(r̂1) and φi(r2) =
∑

jc
nl
j exp(−βjr2)rl

2Ylm(r̂2),
cj and βj are the coefficients and the exponents of the Slater orbitals.
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2.2. Transition amplitude

The transition amplitude as shown in Eq. (2) may be derived in the following
ways. Using Eqs. (4), (7) and (9), we may write Eq. (2) as

ck(p) = Ak

∫
eiEtdt

∫
e−2λr1e−λr2e−i ~K·~r2

1F1(−iαT , 1; i(kT r2 + ~kT · ~r2))

×
[
− 1
|R + r1| −

1
|R − r2| +

1
|R + r1 − r2|

]
d~r1d~r2 , (10)

where ~K = ~k + ~v/2, E = k2/2 − v2/8 − ε2 and Ak = (N?
T /π

√
π)(λ3/(2π)3/2. To

evaluate Eq. (10), let us first integrate the following

J =
∫

e−µr1e−λr2e−i ~K·~r2
1F1(−iαT , 1; i(kT r2 + ~kT · ~r2))

×
[
− 1
|R + r1| −

1
|R − r2| +

1
|R + r1 − r2|

]
d~r1d~r2 , (11)

where µ = 2λ. The above integral in Eq. (11) is consisting of three independent
integrals defined as below,

A = −
∫

e−i ~K·~r2e−λr2
e−µr1

|R + r1| × 1F1(−iαT , 1; i(kT r2 + ~kT · ~r2))d~r1d~r2 , (12)

B = −
∫

e−i ~K·~r2e−λr2
e−µr1

|R − r2| × 1F1(−iαT , 1; i(kT r2 + ~kT · ~r2))d~r1d~r2 , (13)

and

C =
∫

e−i ~K·~r2e−λr2
e−µr1

|R + r1 − r2| × 1F1(−iαT , 1; i(kT r2 + ~kT · ~r2))d~r1d~r2 . (14)

On performing the integration over ~r1 and ~r2, Eq. (12) may be written as

A = −8π2

T 2
φ−iαT

[
1
R

−
(

1 +
1
R

)
e−2R

]
×

[
1 + iαT

(
1 − ikT

φ
− 1

)]
, (15)

where φ = (v2/4− k2
T + λ2 − 2iλkT )/T and T = λ2 + K2. Similarly, on integrating

Eq. (13) and Eq. (14) over ~r1, we may write

B = −8π

µ3

∫
e−i ~K·~r2e−λr2

|R − r2| × 1F1(−iαT , 1; i(kT r2 + ~kT · ~r2))d~r2 , (16)
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and

C =
8π

µ3

∫
e−i ~K·~r2e−λr2

|R − r2| 1F1(−iαT , 1; i(kT r2 + ~kT · ~r2))d~r2 (17)

+
∂

∂µ
(
4π

µ2
)
∫

e−i ~K·~r2e−λr2
e−µ|R−r2|

|R − r2| 1F1(−iαT , 1; i(kT r2 + ~kT · ~r2))d~r2.

The integral in Eq. (17) is a linear combination of two separate integrals which
may be denoted as C1 and C2, respectively.

It may be seen that one of the terms of the integral C in Eq. (17) cancels with
the integral B in Eq. (16), and hence we get J = A + C2.

Using Fourier transformation technique and performing contour integration over
t1, we get

C2 = −8Ltµ→2Ltλ→1

(
∂2

∂µ∂λ

) (
1
µ2

)∫
ei~Q·~R

(Q2 + µ2)
dQ A

(−1−iαT )
1 (A1 − B1)iαT ,

(18)
where A1 = ( ~Q + ~K)2 + λ2 and B1 = 2[ ~kT · ( ~Q + ~K) + iλkT ].

Finally, we may write Eq. (2) as ck(p) = Ak

∫
eiEtdt(A + C2). Now, ck(p) may

be written as a sum of two different integrals as follows

ck(p) = Ak

∫
eiEtAdt + Ak

∫
eiEtC2dt . (19)

The first integral in Eq. (18) is solved analytically by using Bessel function [13]
and the second integral is evaluated numerically following the procedures adopted
in Ref. [12].

The doubly differential cross-sections may be written as d2σ
dEedΩe

≈ k
∫

d2p|ck(p)|2
and the total ionization cross-sections (σtotal) are calculated by using the following
integral, σtotal = 2π

∫
d2σ

dEedΩe
sin θedθedEe. (Symbols have their usual meanings.)

For the case of projectile ionization, similar procedure can be made considering
the appropriate wave functions.

3. Results and discussion

We have calculated the total ionization cross-sections of the following reactions:

(i) HP+HT → HP+ H+
T+ e

(ii) HP+HT → H+
P+ HT+ e

(iii) HP+HeT → HP+ He+
T+ e

(iv) HeP+HT → HeP+ H+
T+ e

(v) HP+NeT → HP+ Ne+
T+ e

(Subscripts P and T denote the projectile and target, respectively.)
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In these reactions, both projectile and target are neutral atoms and either pro-
jectile or target is ionized in the final channel.

In Fig. 1, the values of cross-sections for target ionization in the reaction (i)
are presented. On comparison with other theoretical results as well as with the
experimental data, it is found that the present results are in good agreement with
the experimental data of McClure [2] in the energy range of 6 keV to 40 keV. The
theoretical values of Shingal et al. [3], who made calculations with Born correc-
tions, are found to be a little higher than the present results for 20 keV incident
energy. Above this energy region, though the present results are of higher magni-
tude, they are closer to the experimental data [2]. The values calculated by Riley
and Ritchie [5] with frozen core approximation are found to be of smaller magnitude
in comparison with the present results above 9 keV impact energy, and below this
energy region the present results are found to be smaller in magnitude compared
to Riley and Ritchie [5]. However, the present results show a qualitative agreement
with all theoretical values and experimental data presented in the figure. In Ref.
[5], the time dependent Schrödinger equation with an effective Hamiltonian was
solved, where in the effective interaction was obtained by averaging over a frozen
core model and also one electron approximation was considered. We have used the
Born approximation considering the two-electron approximation, and the interac-
tion is taken without any averaging. The very recent results of Riley and Ritchie [6]
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Fig. 1. Total ionization cross-sections for the system in reaction (i). Present results:
solid line, Shingal et al. (Ref. [3]): dashed line, Riley and Ritchie (Ref. [5]): dashed
dot line, Riley and Ritchie (Ref. [6]): solid line with closed circle, Krstic et al. (Ref.
[4]): dashed double dot line. Experimental data: McClure (Ref. [2]): open square,
Gealy and Van Zyl (Ref. [13]): open circle.
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obtained by solving the coupled three-dimensional Schrödinger equations for two
electron orbitals in singlet and triplet symmetries are also found to be smaller in
magnitude in comparison to the present results in the intermediate energy range.
In the low energy region, the present results fall off rapidly in comparison to the
results of Ref. [6]. Better performance of the present method at higher energies may
be due to the validity of the Born approximation in this energy region. However,
in the low impact energy region, the present results fail to reproduce the other
available theoretical as well as experimental data. In the low energy region, Krstic
et al. [4] studied the ionization cross-section of H by impact of H by using hidden
crossing method and predicted better results in comparison with other available
experimental and theoretical results. The results of Ref. [4] are much higher below
4 keV than the present results. The present results are also found to be smaller
in magnitude in comparison with the experimental data of Gealy and Van Zyl [14]
in the low energy region. This discrepancy arises due to the fact that the present
method gives better results only in the high-energy region.

Figure 2 displays the values of the total ionization cross-sections for the system
in reactions (i) and (ii). Since the reactions are symmetric, it may be seen from the
figure that the cross-section values for projectile ionization are of the same magni-
tude in comparison with the values for target ionization. We have also displayed
in the same figure the total cross-sections for H–H system obtained from simple
addition of the cross-sectional values due to projectile and target ionization.
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Fig. 2. Total ionization cross-sections for both target and projectile ionization for
the reactions (i) and (ii). Solid line represents the present results for both projectile
ionization and target ionization which coincide and dashed line shows the present
results after adding both the above cross-sections.
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Fig. 3. Total ionization cross-sections of He by H impact as a function of collision
energy. Theory: Present results: solid line, Born results (Ref. [7]): dashed line,
experimental data (Ref. [8]): solid triangle. Total cross-sections of He by H+ impact
as a collision impact energy (Ref. [11]): dashed dot line.

In Fig. 3, we present the total ionization cross-sections of helium atom by neutral
hydrogen impact as shown in the reaction (iii) in the energy range between 10 to
1000 keV. For comparison, other theoretical values as well as the experimental
data have also been presented in the same figure. The present results are found
to be in a reasonably good agreement with the experimental data of DuBois and
Kover [8] above 90 keV impact energy. The Born results of Bell et al. [7] are found
to be higher in magnitude in comparison with the present values as well as the
experimental data [8] throughout the energy range considered.

In the same figure we have also presented the previously calculated values for
proton impact ionization of He atom [12]. It is evident from the figure that the
results for proton impact ionization are around three times higher in magnitude
than those calculated for hydrogen impact ionization of He. This is due to the fact
that in the case of hydrogen atom impact on helium, there is bound electron effect
of the projectile and also the electron-electron interaction effects arise which reduce
the cross-sections for atom impact compared to the case for ion impact throughout
the energy region. Here it may be pointed out that in the Ref. [12], we have used
the same Slater type wave functions as in the present work.
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Figure 4 presents the total ionization cross-sections for the target ionization in
reactions (iii) and (iv). It may be seen that the values for the projectile ionization
in reaction (iii) are higher in magnitude in comparison with the values for target
ionization in reaction (iv) and the ratio is around 2.72 at 100 keV. We also display
in the same figure the total cross-section for H-He system derived from simple
addition of the cross-sections due to projectile and target ionization.
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Fig. 4. Total ionization cross-sections for reaction (iii) and (iv). Present results: tar-
get ionization: solid line, projectile ionization: dashed line and linear combination
of cross-sections for both the above reactions (iii) and (iv): dashed dot line.

Figure 5 displays the total ionization cross-section values for the reaction (v).
For comparison, we have presented the cross-section value for proton impact ion-
ization of Ne [15,16]. It is found from the figure that the cross-section values for
reaction in (v) lie well below the results the p-Ne result throughout the energy
range considered. It is also evident from the figure that the cross-section values
for p-Ne system [16] are found to be 11.8 times larger than those obtained in the
reaction (v) at 100 keV/amu and about 9 times larger at 1000 keV. We have made
a comparison of the present results for proton impact ionization of Ne with the
experimental data of Afrosimov et al. [15] and a very good agreement has been
achieved. It may be noted that the results for p-Ne system and a detailed com-
parison with other available theoretical values and experimental data for the same
system will appear in our next paper [16].
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Fig. 5. Total ionization cross-sections for reaction (v). Present results: solid line.
Total ionization cross-sections of Ne by H+ impact: (Ref. [16]): dashed line, exper-
imental data (Ref. [14]): doted line.

4. Conclusion

We have reported the total ionization cross-sections for atom-atom collisions.
The results obtained are found to be in reasonably good accord with the available
theoretical findings as well as with the experimental data. The present results for
the multi-electron target-atom collisions are found to be encouraging in the sense
that we have used Slater type wave function obtained from the model potential
instead of correlated wave function.

The present theoretical approach is comparatively simpler and easier to tackle
numerically. Fairly good results can be predicted for systems involving many elec-
trons in the intermediate and high energy regions.
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IONIZACIJA ATOMA SUDARIMA S ATOMSKIM PROJEKTILIMA

Proučavali smo ionizaciju jedno i vǐseelektronskih atoma meta za vǐse upadnih
energija od 5 do 1000 keV primjenom Bornovog približenja. Dajemo ukupne udarne
presjeke za ionizaciju H, He i Ne u sudarima s atomskim projektilima H i He.
Valne funkcije He i Ne smo pojednostavnili pretpostavljajući da atom ima jedan
aktivan elektron a na njega djeluje efektivni potencijal jezgre i pasivnih elektrona.
Valne funkcije vezanih stanja predstavljamo orbitalama Slaterovog tipa iz modelnog
potencijala. U konačnom stanju razmatramo valnu funkciju kontinuuma kojoj je
sredǐste oko ioniziranog stanja atoma mete. Postignuti ishodi računa usporeduju
se s predvidanjima drugih autora i s eksperimentalnim podacima. Postigli smo
razumno dobro slaganje u srednjem i vǐsem energijskom području.
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