Printed ISSN 1330–0008 Online ISSN 1333–9125 CD ISSN 1333–8390 CODEN FIZAE4

LETTER TO THE EDITOR

SUBDIFFUSION OVER FRACTIONAL QUANTUM PATHS WITHOUT FRACTIONAL DERIVATIVE

RAMI AHMAD EL-NABULSI

Department of Nuclear and Energy Engineering, Cheju National University, Ara-dong 1, Jeju 690-756, South Korea E-mail address: nabulsiahmadrami@yahoo.fr

Received 18 January 2008; Accepted 15 October 2008 Online 30 October 2008

It is shown that subdiffusion processes in quantum dynamical systems can be realized without implementing any kind of time-fractional derivative if a fractional action integral is used in the theory.

PACS numbers: 45.10.Hj, 04.20.Fy UDC 531.314

Keywords: fractional action-like variational approach, Feynman path integral, subdiffusion

The standard Brownian diffusion process governs the scaling of a random walk, where a tracer in a two dimensional spacetime is governed by the variance of the displacement of a particle distribution σ^2(t) ∝ t^γ , γ = 1. In other words, if we denote by P (x, t) the relative probability of particles at location x ∈ R at time t, the classical diffusion equation ∂P/∂t =^1_2 ∂^2p/∂x^2 can be solved by means of the Fourier transform which inverts to a normal probability distribution with the mean zero and standard deviation t^{1/2}. In the last decade, it has been realized that the understanding of complex dynamical systems has required the implementation of the subdiffusion (slower spreading rate, i.e. γ < 1) and superdiffusion (faster spreading rate, i.e. γ > 1) anomalous random processes. Anomalous superdiffusion can be modeled using infinite variance particle jumps that lead to space-fractional derivatives in the governing diffusion equation. Anomalous subdiffusion can be modeled using IID infinite mean waiting times between particle jumps, leading to a fractional time derivative in the governing diffusion equation [1]. The aim of this short communication is to prove that the anomalous subdiffusion can be realized in quantum physical phenomena without implementing any kind of time-fractional derivative.

Over the last decades, the usefulness of the fractional calculus in applications that are found in different fields of science with various aspects and in different ways, as well as its merits in pure mathematics, has become more and more evident and interesting [2]. A number of definitions have emerged over the years including Riemann-Liouville, Grunwald-Letnikov, Riesz, Weyl, Caputo and Erdelyi-Kober fractional derivatives. The fact that there is obviously more than one way to define non-integer order derivatives, not all being equivalent, is one of the most challenging and rewarding aspects of this special mathematical field. In this work, we essentially consider the continuous view-point based on the Riemann-Liouville fractional integral. Perhaps the easiest way to access to the idea of the Riemann-Liouville fractional integral is given by Caputo’s well known representation of an n-fold integral as a convolution integral

I^ny(t) = t∫ 0 t_{n−1}∫

0 . . .

t_1∫

0 y(t_0)dt_0 . . . dt_{n−2}dt_{n−1} = 1 (n − 1)! t∫ 0 (t − τ)^{n−1}y(τ)dτ, (1)

n ∈ N, t ∈ R_+,

where I^n is the n-fold integral operator. After replacing the discrete factorial (n − 1)! with the Euler’s continuous gamma function Γ(n), one obtains the Riemann- Liouville definition of a non-integer order integral as follows

I^ny(t) = 1 Γ(n) t∫ 0 (t − τ)^{α−1}y(τ)dτ, 0 < α ≤ 1, t ∈ R_+ . (2)

This approach turns out to be useful in treating generalized diffusion processes in the theory of probability and stochastic processes. While various fields of application of fractional derivatives and integrals are already well done, some others have just been started, in particular the study of fractional problems of the calculus of variations (COV) and respective Euler-Lagrange type equations that are a subject of current intensive research and investigations [2]. Recently, we proposed a novel approach known as fractional action-like variational approach (FALVA) to model nonconservative dynamical systems where fractional time integral introduces only one fractional parameter α ∈ [0, 1], while in other models an arbitrary number of fractional parameters (orders of derivatives) appear [3]. The standard functional action is replaced by a fractional functional integral action as follows

S [ f(t) ] → S_α [ f(t) ] = 1 Γ(α) t∫ t_0=0

L(ẋ(τ), x(τ), τ) (t − τ)^{α−1}dτ

= t∫ t_0=0

L(ẋ, x, τ)dT_t(τ), [t_0, t] ∈ R_+ , (3) thus revealing interesting features. Here L(ẋ, x, τ) is the Lagrangian weighted with (t − τ)^{α−1}/Γ(α), and Γ(α + 1) = t^α − (t − τ)^{α−1}. We consider in fact two time variables: the intrinsic time τ and the observer time t. The Feynman path integral, which is in fact the integration over Brownian-like quantum mechanical paths, ought to be generalized to describe classical and quantum dynamical systems at both the classical and quantum levels. To generalize the Feynman path integral approach, the integration has been expanded from the standard integral to the fractional action integral for a free particle.

In this work, we define the fractional path integral (FPI) by the following four guidelines [4]:

1) The FPI is expected to describe the motion from the initial position x_i(t_i = 0) to the position x_f (t_f ) with a fractional quantum amplitude given by

K_α(x_f , t; 0, 0) ∝ ∑ {γ} exp ( i ℏ S_α[γ] ) , (4)

where {γ} is the set of all trajectories satisfying x(t_i = 0) = x_i and x(t_f ) = x_f .

2) The standard result is expected to be resurrected in the α = 1 limit and classical physics is expected to be recovered for ℏ = 1 (ℏ is the Planck’s constant).

3) The particle jumps satisfy the spatial fractional diffusion equation [5]

∂P (⃗x, t) ∂t = − ℏ^{β−1} (2m)^{β/2}

(−∇^2)^{β/2}P (⃗x, t), 1 < β < 2 , (5)

where (−∇^2)^{β/2} is the fractional Laplacian, often called the Riesz fractional derivative in term of the Riesz potential I^s_d of order s and dimension d that reads [6]

I^s_d φ(x) =

Γ((d − s)/2) π^{s/2}2^sΓ(s/2) ∫ Ω φ(ξ) ||x − ξ||^{d−s} dΩ(ξ), 0 < s < 2 , (6)

where Ω is the integral domain.

4) The fractional action of the one-dimensional free particle in Minkowski’s space follows from Eq. (5) and is given by [5]

S_{α,β} = f(α, β) Γ t∫ 0 [ (ẋ)^2

]_{β/(2(β−1))} (t − τ)^{α−1} dτ , (7)

where f(α, β) has dimensions [E][T]^{α+1}/[L]^{β/(β−1)} and is given by

f(α, β) = (β − 1) [ (2m)^{β/2} β^β R_{α,β}

]1/(β−1)

. (8)

In Eq. (8), R_{α,β} is a constant with dimensions [R_{α,β} ]=[E]^{1−β/2}[T]^{α(1−β)+1}.

To get an estimate of the mean-square displacement of a free particle moving from an initial point x(t_i = 0) = x_i = 0 → x(t_f = t) = x_f , we follow the Feynman standard technique and write the fractional quantum mechanical kernel in the form [7] K_α(x_f , t; 0, 0) =

x_f∫

0 D[x(τ)] exp ( i ℏ S_α[x(τ)] )

= x_f∫

0 D[x(τ)] exp i ℏ f(β) Γ(α) t∫ 0 ([ (ẋ)^2

]_{β/(2(β−1))} − V (x(τ), τ) ) (t − τ)^{α−1}dτ . (9) where

x_f∫

0 D[x(τ)] . . . = lim_{n→∞}(2πiεℏ)^{1/2} ∞∫ −∞ N−1∏ j=1 (2πiεℏ)^{1/2}dx_j . . . , ε = t N , (10)

denotes the sum over all paths between (0, 0) → (x_f , t_f ), and V (x(τ), τ) is the potential energy of the mass m. The wave function ψ(x_f , t) at (x_f , t) is given in terms of ψ(0, 0) at (0, 0) by the equation

ψ(x_f , t) =

x_f∫

0 dx_iK_α(x_f , t; 0, 0)ψ(0, 0). (11)

This fractional equation describes the evolution of the quantum mechanical system in terms of the wave equation.

We will proceed by calculating the fractional quantum-mechanical amplitude for a free particle (V (x) = 0) using Eqs. (1) to (8):

K^0_α(x_f , t; 0, 0) =

x_f∫

0 D[x(τ)] exp i ℏ f(β) Γ(α) t∫ 0 (t − τ)^{α−1} [ (ẋ)^2

]_{β/(2(β−1))} dτ (12)

= lim_{n→∞}(2πiεℏ)^{1/2} ∞∫ −∞ N−1∏ j=1 (2πiεℏ)^{1/2}dx_j × N∏ j=1 exp if(β) ℏ t∫ 0 [ (ẋ)^2

]_{β/(2(β−1))} dT_t

(13)

= lim_{n→∞}(2πiεℏ)^{1/2} ∞∫ −∞ N−1∏ j=1 (2πiεℏ)^{1/2}dx_j × N∏ j=1 f(β) exp ( i ℏ X_{j,β} ε̄_α ) , (14) where

ε̄_α = t^α − (t − τ)^α NΓ(α + 1)

, (15) and X_{j,β} = x^{β/(2(β−1))} j . (16)

After N − 1 steps, after performing the integration and establishing a recursion procedure, we find

K^0_α(x_f , t_f ; x_i, t_i) = ( 2πiℏ(t_f − t_i)

)_{−1/2} exp ( if(β)Γ(α + 1) ℏ x^{β/(β−1)} f t^α − (t − τ)^α ) , (17)

and, consequently, the mean displacement after simple scaling is given by

Δx ∝ (Δt)^{α(β−1)/β} , 0 < α ≤ 1, 0 < β ≤ 2 , (18)

which corresponds to a subdiffusion process as 0 < α(β−1)/β ≤ 1/2. Thus we argue that subdiffusion processes in quantum dynamical systems can be realized without implementing any kind of time-fractional derivative if a fractional action integral is used in the theory. Example for the subdiffusion processes are charge transport in amorphous semiconductors. The present result is interesting and several other applications and consequences need to be studied in a future work, in particular the fractional classical Brownian motion with dissipation, a quantum Brownian dissipative motion. A proper and truly unifying foundation of fractional functional integral should be found and a lot of mathematical research still remains to be done.

References

[1] T. H. Solomon, E. R. Weeks and H. L. Swinney, Physica D 76 (1994) 70. [2] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, London (1974);

S. Samko, A. Kilbas and O. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Gordon and Breach, New York (1993);

see also K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, John Wiley & Sons Inc., New York (1993); I. Podlubny, An Introduction to Fractional Derivatives, Fractional Differential Equations, to Methods of their Solution and some of their Applications, Academic Press, New York, London (1999);

R. Hilfer, Editor, Applications of Fractional Calculus in Physics, Word Scientific Publishing Co., New Jersey, London, Hong Kong (2000);

B. J. West and M. Bologna, Physics of Fractal Operators, Hardcover, Springer-Verlag (2003).

[3] R. A. El-Nabulsi, Fizika A 14 (2005) 289;

Int. J. Appl. Math 17, No. 3 (2005) 299;

Int. J. Appl. Math. & Statistics 5, S06 (2006) 50 (Special issue dedicated to Prof. Jagannath Mazumdar).

[4] R. P. Feynman, R. B. Leighton and M. Sands, The Feynman Lectures On Physics, Vol.

III, Addison-Wesley, Reading, MA (1965).

[5] A. Hatzinikitas, The Symmetric Stable Levy Flights and the Feynman Path Integral, quant-ph/0509090.

[6] W. Chen and S. Holm, J. Acoust. Soc. Am. 115, 4 (2004) 1424.

[7] R. A. El-Nabulsi, EJTP 4, 15 (2007) 157;

see also N. Laskin, Levy Flights over Quantum Paths, quant-ph/0504106.

[8] K. Kim and Y. S. Kong, J. Korean Phys. Soc. 40, No. 6 (2002) 979 and references therein.

PODDIFUZIJA PREKO DIJELNIH KVANTNIH PUTEVA BEZ DIJELNIH IZVODA

Pokazuje se da se poddifuzijski procesi u kvantnim dinamičkim sustavima mogu ostvariti bez uključivanja bilo koje vrste vremensko-dijelnog izvoda ako se u teoriji rabi dijelni učinski integral.