ISSN1330–0008 CODEN FIZAE4

CORRELATION ENERGY OF A HIGH-DENSITY ELECTRON GAS

SREĆKO KILIĆ, TULLIO PERSI^∗ and KARMEN RIVIER^{∗∗}

Faculty of Natural Sciences and Arts, University of Split, 58 000 Split, Croatia ∗Department of Civil Engineering, University of Rijeka, 51 000 Rijeka, Croatia ∗∗ Department of Electrical Engineering, University of Split, 58 000 Split, Croatia

Received 10 November 1994

UDC 538.94

PACS 71.10.+x

The Brillouin-Wigner-Feenberg perturbation theory has been applied to a manybody fermion system, an electron gas at high density. The correlation energy has been calculated. An approximative expression of the term fr_s, is also derived. In our approximation, the calculated value of the constant f is equal to 0.8184.

1. Introduction

Rayleigh-Schrödinger (RS) perturbation theory has been successfully applied to many-body quantum problems [1,2]. For a relatively long period, the Brillouin- Wigner (BW) perturbation method has been considered unappropriate for treatment of these problems.

In a series of papers [3-6], it was shown how the BW relations can be transformed into the Feenberg perturbative formulae [7-9] and employed in quantum many-body theory; this approach in many-body theory is sometimes called Brillouin-Wigner- Feenberg perturbation (BWF) theory.

The correlation energy of an electron gas at high density is calculated using the BWF energy expression. It is assumed that the Hamiltonian of N identical fermions in the volume Ω can be written in the form

H = H_0 + V (1)

and that the eigenstates and eigenvalues of the unperturbed Hamiltonian H_0 are known

H_0|φ_n >= ε_n|φ_n > . (2)

In the BW procedure the solution of the equation

H|Ψ >= E|Ψ > (3)

for energy is given by

E = ε_l + V_{ll} + ∑ n( /=l)

|V_{ln}|^2 E − ε_n + ∑ nn^′ ( /=l)

V_{ln}V_{nn}′ V_n′_l (E − ε_n)(E − ε_n′ )

+ ∑ nn′ n′′

( /=l)

V_{ln}V_{nn}′ V_n′_n′′ V_n′′_l (E − ε_n)(E − ε_n′ )(E − ε_n′′ )

+ . . , (4)

where

V_{ij} =< φ_i|V |φ_j > . (5)

This equation is solved by successive iterations.

Studying the BW expression (4) regarding dependence on N, Ljolje [3] showed that it could be improved if an infinite number of terms from higher order were put in the second order term. Indeed, if one picks out the term n^′ = n from the third order, n = n^{′′} = n^′ from the fourth order, and so on, and collects them with the second order term, one finds ∑ n( /=l)

|V_{ln}|^2 E − ε_n − V_{nn} .

The same can be done for the higher terms. Finally, repeating the procedure, BW energy formula is transformed into the Feenberg equation

E = ε_l + V_{ll} + ⊙∑ n V_{ln}V_{nl} E − E^F_n + ⊙∑ nn^′

V_{ln}V_{nn}′ V_n′_l (E − E^F_n )(E − E^F_{nn}′ ) +

+ ⊙∑ nn^′ n^{′′}

V_{ln}V_{nn}′ V_n′_n′′ V_n′′_l (E − E^F_n )(E − E^F_{nn}′ )(E − E^F_{nn}′_n′′ )

+ . . ., (6)

where

E^F_n = ε_n + V_{nn} + ∑ n^′ /=ln

V_{nn}′ V_n′_n E − E^F_{nn}′ + ∑ n′ /=ln n′′ /=lnn′

V_{nn}′ V_n′_n′′ V_n′′_n (E − E^F_{nn}′ )(E − E^F_{nn}′_n′′ )

+ · · · ,

E^F_{nn}′ = ε_n′ + V_n′_n′ + ∑ n^{′′} /=lnn^′

V_n′_n′′ V_n′′_n′ E − E^F_{nn}′_n′′

+ . . .

· . . (7) Mark ⊙ means that all summation indices are mutually different. In Ref. 6, the second quantization procedure has been applied to Feenberg relation (6) and the following approximative relation for the ground state energy has been obtained

E = ε_0 + V_{00} + E_r + E^{(2)}_{ex} . (8)

The zero and the first order terms have the usual form

ε_0 = ∑ ks <kf e_{ks} = ∑ ks <kf h̄^2k^2 2m = N 3 5 e_{kf} , (9)

and V_{00} = 1 2Ω ∑ t1t2 <kf ∑ s_1s_2

(V_0 − V_{t1−t2} δ_{s1s2} ), (10)

The generalized ring energy is given by

E_r = Ω 16π^3 ∫ d⃗g g 2π +∞∫ −∞ du ∞∑ n=2 s^n n ( − m h̄^2

)_{n−1} [ V_gQ_g(u)

8π^3

]_n

= h̄^2Ω 16π^3m ∫ d⃗g g 2π +∞∫ −∞ du { ln [ 1 + V_gQ_g(u)ms

8π^3h̄^2 ] − V_gQ_g(u)ms 8π^3h̄^2 } , (11)

where

Q_g(u) = ∫ d⃗k +∞∫ −∞ dte^{−D|t|+igut}, k < k_f , |⃗k + ⃗g| > k_f . (12)

D ≡ D^{(1)} = D^{(0)} + m 8π^3h̄^2 ∑ sσ^′

δ_{sσ}′ ∫ kp<kf |⃗k+⃗g|>kf

d⃗p (V_{⃗p+⃗k} − V_{⃗p+⃗k+⃗g}), (13)

D^{(0)} = (g^2/2) + ⃗k⃗g represents pure Gell-Mann–Brueckner (G-MB) denominator [10] and s denotes the number of spin possibilities (for electron it is 2). Finally, the exchange part of the second order energy term is

E^{(2)}_{ex} = − 2 Ω^2 ∑ k1k2q k1,k2<kf |⃗k1+⃗q|,|⃗k2−⃗q|>kf

∑ σ1σ2 σ ′ 1 σ ′ 2 V_{⃗q}V_{⃗k1−⃗k2+⃗q}δ_{σ1σ}′_1 δ_{σ2σ}′_2 δ_{σ2σ}′_1 δ_{σ1σ}′_2 E − E^F_n

. (14)

2. Correlation energy

For an electron gas, placed in a uniform distributed positive background, chosen to ensure that the electron system is neutral, one obtains

ε_0 = N e^2 2a_0 1 r^2_s 3 5 ( 9π 4 )_{2/3} , (15)

V_{00} = −N e^2 2a_0 1 r_s 3 2π ( 9π 4 )_{1/3}

, (16)

where V_t = 4πe^2/t^2, a_0 = h̄/me^2, r_s = r_0/a_0, k_f = (9π/4)^{1/3}(1/r_sa_0) and r_0 is the radius of a sphere of a volume equal to the volume per particle.

The generalized ring energy is given by

E_r = N e^2 2a_0

J_R(r_s), (17) where

J_R(r_s) = 1 r^2_s

C_1J(r_s), C_1 = 3 4π ( 9π 4 )_{2/3} ,

J(r_s) = ∞∫ 0 dq q^3 +∞∫ −∞ dω{ln[1 + L(q, ω)] − L(q, ω)}, (18)

and

L(q, ω) = C_2 1 q^2 r_s { I_a(r_s), q ≤ 2 I_b(r_s), q ≥ 2 , C^2 = 2 π ( 4 9π )_{1/3} s.

The functions I_a and I_b are given by

I_a =

√_{1−(g/2)2} ∫ 0 rdr √ 1−r^2 ∫ −q+ √ 1−r^2

F_1(q, ω, r, z)dz+

+ 1∫ √_{1−(g/2)2} rdr √ 1−r^2 ∫ − √ 1−r^2

F_1(q, ω, r, z)dz, (19)

I_b = 1∫ 0 κ^2dκ π∫ 0 F_2(q, ω, κ, ϑ) sin ϑdϑ, (20)

where

F_1 = d̃_0 + Cr_sd_1(α, β) (d̃_0 + Cr_sd_1(α, β))^2 + q^2ω^2

, (21)

F_2 = d_0 + Cr_sd_1(κ, λ) (d_0 + Cr_sd_1(κ, λ))^2 + q^2ω^2

, (22)

d̃_0 = q^2 2 + qz, d_0 = q^2 2 + κq cos ϑ, α = √ r^2 + z^2, β = √ r^2 + z^2 + q^2 + 2qz, λ = √ κ + q^2 + 2κq cos ϑ,

d_0(κ) = q^2 2 + ⃗κ⃗q

d_1(x, y) = 1 x (1 − x^2) ln

1 + x 1 − x − 1 y (1 − y^2) ln

1 + y − 1 + y

, (23)

⃗κ = ⃗k k_f

, ⃗q = ⃗g k_f

, C = (18π^4)^{−1/3}, V_g = V_q/k^2_f .

For the exchange energy one obtains

E^{(2)}_{ex} = N e^2 2a_0 ε^{(2)}, (24)

where

ε^{(2)} = 3 2^4π^5 ∫ dq ∫ κ1,κ2<1 |⃗κ1+⃗q|,|⃗κ2+⃗q|>1

dκ_1 ∫ d⃗κ_2 1 q^2 1 (⃗q + ⃗κ_1 + ⃗κ_2)^2 1 F_3(⃗q, ⃗κ_1, ⃗κ_2)

, (25)

and F_3 = d_0(κ_1) + d_0(κ_2) + Cr_s[d_1(κ_1, |⃗κ_1 + ⃗q|) + d_1(κ_2, |⃗κ_2 + ⃗q|)]. (26)

The nine–dimensional integral (25) can be transformed into a five–dimensional one:

ε^{(2)} = 3 π 1∫ 0 κ^2_1dκ_1 1∫ 0 κ^2dκ_2 π∫ 0 sin ϑ_1dϑ_1 π∫ 0 sin ϑ_2dϑ_2·

· ∞∫ q_1 dq 1 √ f^2_1 − f^2_2 1 F_3(⃗q, ⃗κ_1, ⃗κ_2)

, (27)

where

f_1 = κ^2_1 + κ^2 + q^2 + 2q(κ_1 cos ϑ_1 + κ_2 cos ϑ_2) + 2κ_1κ_2 cos ϑ_1 cos ϑ_2, (28) f_2 = 2κ_1κ_2 sin ϑ_1 sin ϑ_2, (29)

q_l = Max(q_{l1} , q_{l2} ), (30) and q_{li} = √ 1 − κ^2_i sin^2 ϑ_i − κ_i cos ϑ_i. (31)

Two four-dimensional integrals in Eq. (18) and a five-dimensional integral in Eq. (27) were calculated numerically. We used Gaussian quadrature. The sum of the results is the correlation energy. It is presented in Table 1 (second column). The corresponding G-MB and Pines energies are also given in Table 1. Some values of the exchange energy are given in the fifth column of the Table 1.

TABLE 1.

Comparison of results of calculations of correlation energies; the value of r_s is in a_0 and energies are in rydbergs (Ry= 2.18 × 10^{−18} J).

r_s ε_c ε_{G-MB} ε_{Pines} ε^{(2)} 1 -0.1095 -0.096 -0.158 0.1 -0.240 -0.2392 –0.3012 0.0470 0.01 -0.3809 -0.3824 -0.4444 0.0484 0.001 -0.5238 -0.5257 -0.5877 0.0486

Starting from relation (10), it is possible to find an approximative relation for the correlation energy which consist of G-MB term and the next one proportional to r_s. Namely, integrating over t in Eq. (12), one finds an expression in which subintegral function can be expanded. Doing this and keeping the first two terms, we derive

Q_q(ω) = 2k_f {G(q, ω) + Cr_sK(q, ω)} (32)

where

G(q, ω) = ∫ κ<1 |⃗κ+⃗q|>1 d⃗κ d_0 d^2_0 + q^2ω^2

, (33)

and

K(q, ω) = ∫ κ<1 |⃗κ+⃗q|>1 d⃗κ d_1 d^2_0 + q^2ω^2 ( 1 − 2d^2_0 d^2_0 + q^2ω^2 ) . (34)

Square bracket in (10) now becomes

[ ] = C_3r_s{G(q, ω) + Cr_sK(q, ω)} (35)

where C_3 = (4/9π)^{1/3}s/(πq)^2.

Using the binomial theorem and keeping the two largest terms with respect to G(q, ω), we find

[ ]^n = r^n_s C^n_3 G(q, ω)^n + r^n_s C^n_3 G(q, ω)^{n−1}Cr_sK(q, ω)n. (36)

An approximative expression for generalized ring energy is obtained introducing the above expression in (10) and summing up:

E_r = N e^2 2a_0

C_1 r^2_s ∞∫ 0 q^3dq +∞∫ −∞ dω {[ln (1 + r_sC_3G(q, ω))

−r_sC_3G(q, ω)] − Cr^3_s C^2_3 K(q, ω)G(q, ω) } . (37)

The last term in Eq. (37) is proportional to r_s. It can, therefore, be written as fr_s. After integration and substitution of the constants one obtains f = 0.8184.

3. Conclusion

As is known [11], in the limit of high densities, r_s ≪ 1, the correlation energy may be expressed by the following series

E_c = N e^2 2a_0

(c ln r_s + d + er_s ln r_s + fr_s + . . .) . (38)

In this way we find the value of the constant f. This is an approximative value inferred from the special class of processes. Namely, the denominator in the second order term of Eq. (5) includes all processes which begin and vanish through the state |n >= |1_k, 1_h, ...; 1_{k+q}, 1_{h−q} >. In our approximation, which is up to the first order for the denominators, only a class of the above process is included. So we can say that within this approach, we picked up all the processes dealing with “direct and exchange scattering with unexcited particles” (G-MB). Inserting the second order approximation in the denominators of the relation (5) would include other processes.

The ground state energy of a homogeneous electron gas has been studied using different approaches [12-19]. We applied the BWF perturbation method to the highdensity electron gas. A systematic numerical analysis of the expression (17) and the corresponding third order term are expected to give an evaluation of the series (38). Our preliminary calculation shows that the series (38) should be convergent for values of r_s, less than one.

References

1) N. H. M. March, W. H. Young and S. Sampanthar, The Many-Body Problem in Quantum Mechanics, (Cambridge, 1967);

2) A. L. Fetter and J. D. Walecka, Quantum Theory of Many-Particle Systems, (McGraw- Hill Book Company, 1973);

3) S. Kilić and K. Ljolje, Fizika 4 (1972) 195; 4) S. Kilić and K. Rivier, Fizika 22 (1990) 399; 5) S. Kilić and C. E. Campbell, to be published; 6) S. Kilić, Fizika A 1 (1992) 135; 7) E. Feenberg, Phys. Rev. 74 (1948) 206; 8) H. Feshbach, Phys. Rev. 74 (1948) 1548;

9) P. M. Morse and H. Feshbach, Methods of Theoretical Physics (McGraw-Hill, New York, 1953);

10) M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106 (1957) 364; 11) G. D. Mahan, Many-Particle Physics (Plenum Press, New York; 2nd ed. 1991); 12) D. Bohm and D. Pines, Phys. Rev. 85 (1952) 332; 92 (1953); 13) K. Sawada, K. A. Brueckner, N. Fukuda and R. Brout, Phys. Rev. 108 (1957) 507; 14) P. Nozières and D. Pines, Phys. Rev. 109 (1958) 741, 762, 1062; 15) J. Hubbard, Proc. Roy. Soc. (London) A240 (1957) 539; A243 (1958) 336; 16) J. J. Quinn and R. A. Ferrell, Phys. Rev. 112 (1958) 812; 17) W. J. Carr and A. A. Maradudin, Phys. Rev. 133 (1964) A371; 18) L. Onsager, L. Mittag and J. Stephen, Ann. Physik 18 (1966) 71; 19) D. Pines, The Many-Body Problem (W. A. Benjamin, Inc., New York, 1979).

KORELACIJSKA ENERGIJA GUSTOG ELEKTRONSKOG PLINA

SREĆKO KILIĆ, TULLIO PERSI^∗ i KARMEN RIVIER^{∗∗}

Fakultet prirodoslovno-matematičkih znanosti i odgojnih područja, 58 000 Split, Hrvatska ∗Gradevinski fakultet, 51 000 Rijeka, Hrvatska ∗∗Fakultet elektrotehnike, strojarstva i brodogradnje, 58 000 Split, Hrvatska

UDK 538.94

PACS 71.10.+x

U radu je pokazano kako se Brillouin-Wigner-Feenbergov račun smetnje može primijeniti u teoriji elektronskog plina veće gustoće. Odreden je aproksimativan izraz za korelacijsku energiju i posebno član linearan u parametru razvoja r_s. Numerička vrijednost konstante proporcionalnosti iznosi f = 0.8184.