ISSN1330–0016 CODEN FIZBE7

MESON FORM FACTORS IN THE QUARK-BASED LINEAR σ MODEL

MICHAEL D. SCADRON^{a,i}, FRIEDER KLEEFELD^{b,j} , GEORGE RUPP^{b,k,1} and EEF van BEVEREN^{c,l}

aPhysics Department, University of Arizona, Tucson, AZ 85721, USA

bCentro de Física das Interacções Fundamentais, Instituto Superior Técnico, P-1049-001 Lisboa, Portugal

cDepartamento de Física, Universidade de Coimbra, P-3004-516 Coimbra, Portugal

E-mail addresses:^iscadron@physics.arizona.edu,^jkleefeld@cfif.ist.utl.pt, kgeorge@ajax.ist.utl.pt,^leef@teor.fis.uc.pt

Received 24 August 2003; Accepted 26 April 2004 Online 16 July 2004

The quark-level linear σ model (LσM) is employed to compute a variety of electromagnetic and weak observables of light mesons, including pion and kaon form factors and charge radii, charged-pion polarizabilities, semileptonic weak K_{ℓ3} decay, semileptonic weak radiative pion and kaon form factors, radiative decays of vector mesons, and nonleptonic weak K_{2π} decay. The agreement of all these predicted observables with experiment is striking. In passing, the tight link between the LσM and vector-meson dominance is shown. Some conclusions are drawn on the LσM in connection with lattice and renormalization-group approaches to QCD.

PACS numbers: 12.40.-y, 11.30.Rd, 13.40.Gp, 13.40.Hq, 13.20.Cz, 13.20.Eb, 13.25.Es, 12.40.Vv UDC 539.12.1 Keywords: linear sigma model, quarks, mesons, pion, kaon, form factors, charge radii, charged-pion polarizabilities, weak decay

1. LσM and chiral Goldberger-Treiman relations

The NJL [1] and Z = 0 compositeness [2] relations m_σ = 2m̂ and g = 2π/ √ N_c , with m̂ ∼ M_N /3 and meson-quark coupling g = 2π/ √ 3 = 3.628, follow by nonperturbatively solving [3] the strong-interaction Nambu-type gap equations δf_π = f_π and δm̂ = m (where f_π is the pion decay constant and m̂ is the nonstrange con-

1Corresponding author

stituent quark mass) in quark-loop order, regularization schemes. For a more detailed description of the quark-level LσM, see Ref. [4], or the Appendices of Ref. [5]. Here, we collect instead powerful results of the LσM on meson form factors and related data for strong, e.m., and weak interactions.

This chiral LσM is based on the quark-level pion and kaon Goldberger–Treiman relations (GTRs) f_πg = m̂ = (m_u +m_d)/2 and f_Kg = (m_s +m̂)/2, for f_π ≈ 93 MeV (f_π ≈ 90 MeV in the chiral limit (CL) [6]), f_K/f_π ≈ 1.22, and m_s ≈ 1.44 m̂. We begin in Sec. 2 by studying meson vector form factors and their measured charge radii. In Sec. 3 we survey charged-pion polarizabilities for γγ → ππ, and compare the results with the LσM predictions. In Sec. 4 we study the semileptonic weak K_{l3} decays and the form factor f_+(k^2) evaluated at k^2 = 0. Then in Sec. 5 we examine the radiative semileptonic weak form factors for π^+ → e^+νγ and K^+ → e^+νγ decays, with the observed pion second axial-vector form factor implying a pion charge radius r_π ∼ 0.6 fm, also found in Sec. 2 from data [7] and from the theoretical LσM. In Sec. 6 we return to the LσM and its link with vector-meson dominance (VMD). Finally, in Sec. 7 we begin by studying the ΔI = 1/2 rule for two-pion decays of the kaon in connection with the σ as the pion’s chiral partner, and end by showing that the mass of the now experimentally confirmed scalar κ meson is consistent with the observed K→ 2π decay rate. We summarize our results and draw our conclusions in Sec. 8.

2. Meson vector form factors and charge radii

The charged-pion and kaon e.m. vector currents are defined as

⟨π^+(q^′)|V^μ_{em}(0)|π^+(q)⟩ = F_π(k^2) (q^′ + q)^μ , ⟨K^+(q^′)|V^μ_{em}(0)|K^+(q)⟩ = F_K(k^2) (q^′ + q)^μ , (1) with k_μ = q^′_μ − q_μ. The former pion form factor F_π(k^2) can be nonperturbatively characterized, through the LσM bootstrap, by the (constituent) quark udu and dud loop graphs of Fig. 1a, while the charged-kaon form factor F_K(k^2) is in a similar manner determined by the usu and sus loop graphs depicted in Fig. 1b. Even if each of the diagrams in Fig. 1 appears to be linearly divergent by naive power counting, gauge invariance enforces every single quark triangle (QT) to be merely logarithmically divergent. For details of the evaluation of these QT diagrams, see Ref. [5].

The QT expressions [5] in the CL (i.e. M → 0) should be compared to the CL non-perturbative LσM [3, 8] or NJL [9] results

F_π(k^2)^{CL}_{LσM} = −4ig^2N_c 1∫ 0 dx ∫ d^{−4}p [ p^2 − m̂^2 + x(1 − x)k^2

]_{−2} , (2)

F_K(k^2)^{CL}_{LσM} = −4ig^2N_c 1∫ 0 dx ∫ d^{−4}p [ p^2 − m^2_{us} + x(1 − x)k^2

]_{−2} , (3)

Fig. 1. VPP quark triangle graphs.

where m_{us} = (m_s + m̂)/2 and d^{−4}p = d^4p (2π)^{−4}. The logarithmic divergence of these expressions has been guaranteed through a rerouting procedure [8, 10]. When k^2 = 0, these form factors become automatically normalized to unity, due to logarithmically divergent gap equations (LDGEs) [10, 11, 5], the GTRs in Sec. 1, and the definition of the pion and kaon decay constants ⟨ 0|A^μ_3 |π^0 ⟩ = if_πq^μ, ⟨ 0|A^μ_{4−i5}|K^+ ⟩ = i √ 2f_K q^μ, with f_π ≈ 93 MeV and f_K /f_π ≈ 1.22 [3, 10].

To proceed, given Eqs. (2) and (3), the π^+ and, as an obvious SU(3) extension, K^+ charge radii are computed in the LσM as ⟨ r^2_π+

⟩_{CL} LσM = 6 dF_π(k^2) dk^2 | | k^2=0 = 8iN_c (2π)^4 g^2 ( −iπ^2 2m̂^2 ) = N_c 4π^2f^2_π

≈ (0.61 fm)^2 , (4) ⟨ r^2_K+

⟩_{CL} LσM = 6 dF_K(k^2) dk^2 | | k^2=0 = 8iN_c (2π)^4 g^2 ( −iπ^2 2m^2_{us} ) = N_c 4π^2f^2_K

≈ (0.49 fm)^2 . (5)

Here we have evaluated the charge radii in the CL [3, 6, 12], with f^{CL}_π ≈ 90 MeV, f^{CL}_K ≈ 110 MeV. If, on the other hand, we compute these charge radii using the detailed QT graphs in the CL, we get for the π^+ exactly the same result as in Eq. (4), while for the K^+ a complicated function of m̂ and m_s is obtained [5, 13]. We may then expand the latter function in terms of the SU(3)-breaking parameter δ = (m_s/m̂) − 1 ≈ 0.44, resulting in an expression previously derived in Ref. [14]. Taking into account the first three terms of this expansion, we may estimate the ratio r_K/r_π to be ⟨ r^2_{K+} ⟩ / ⟨ r^2_{π+} ⟩ ≈ 1 − 5δ/6 + 3δ^2/5 ≈ 0.750, or ⟨r_K+ ⟩ / ⟨r_π+ ⟩ ≈ 0.866. Here we note that the observed pion charge radius is [7] r_π = (0.642 ± 0.002) fm, and the analogue charged-kaon charge radius is [15] r_K = (0.560 ± 0.031) fm. If we take the experimental value r_π+ ≈ 0.64 fm, the latter ratio implies ⟨r_K+ ⟩ ≈ 0.556 fm, which is in agreement with experiment. On the other hand, if we were to take the full, unexpanded expression for ⟨ r^2_{K+} ⟩ [5], we would get ⟨r_K+ ⟩ ≈ 0.545 fm, being still compatible with experiment.

Finally, note that the above field-theory versions of the charged-pion form factor can be recovered in an even simpler fashion by using a once-subtracted dispersion relation for the pion charge radius, yielding in the CL [3] r^2_π = N_c/4π^2(f^{CL}_π )^2 = 1/m̂^2, where we use the GTRs of Sec. 1, along with g = 2π/ √ N_c from Sec. 1.

This suggests that the tightly bound “fused” q̄q pion charge radius in the CL is r^{CL}_π = 1/m̂ = (197.3 MeV fm)/(325 MeV) ≈ 0.61 fm, with m̂_{CL} ≈ 325 MeV ∼ M_N/3, as expected from the GTR m_{CL} = f^{CL}_π g ≈ 90 MeV × 3.628 ≈ 325 MeV.

3. Charged-pion polarizabilities for γγ → ππ

Analyzing Crystal-Ball [16], MARK-II [17] and CELLO [18] γγ → ππ data, Kaloshin et al. [19 – 21] obtain for the charged electric pion polarizability α_π+ = (2.75 ± 0.50) × 10^{−4} fm^3. The LσM prediction follows from the model-independent value [22], given by α_π+ = (α/8π^2m_πf^2_π )γ, where γ ≡ F_A(0)/F_V(0). In Sec. 5 we find γ = 2/3. Hence, the LσM result α^{LσM}_{π+} = α/12π^2m_πf^2_π ≈ 3.9 × 10^{−4} fm^3 is reasonably near the data above. Moreover, if we extend the LσM to SU(3), the prediction for γ becomes γ^{LσM}_{SU(3)} ≈ 0.58 (see Sec. 5), yielding α^{LσM}_{π+} ≈ 3.4×10^{−4} fm^3, which is closer to the experimental value. Besides, the latter two LσM values for α_π+ are also compatible with, e.g., the prediction 3.6 × 10^{−4} fm^3 of a quark confinement model that gives good results for heavy-meson semileptonic form factors [23], too.

Another consistency check is the detailed quark-plus-meson-loop analysis α^{LσM}_{π+} = α/8π^2m_πf^2_π − α/24π^2m_πf^2_π = α/12π^2m_πf^2_π [24], requiring γ^{LσM} = 2/3 from the model-independent value of α_π+ above.

Finally we comment on low-energy γγ → 2π^0 scattering, where there is no pole term, and the neutral polarizabilities α_π0 , β_π0 are much smaller than α_π+ , β_π+ . In Ref. [25] it was shown that a γγ → 2π^0 cross section of ∼ 10 nb (generated by a σ(700) meson pole) reasonably anticipated the later 1990 Crystal-Ball data [16] in the 0.3 – 0.7 GeV range.

4. Semileptonic weak K_{ℓ3} decay and form-factor scale f_+(0)

The semileptonic weak K^+ → π^0e^+ν (K_{ℓ3}) decay width is measured as [15]

Γ_K+_{→π}0_e+_ν = h̄ τ_K+

(4.87 ± 0.06)% = (25.88 ± 0.32) × 10^{−16} MeV . (6)

Taking a q^2 form-factor dependence f_+(q^2) = f_+(0)[1 + λ_+q^2/m^2_π], the standard V – A (vector here) weak current predicts a K_{ℓ3} decay width (y = m^2_π0 /m^2_{K+} , m_e = m_ν = 0; see also Ref. [26])

Γ_K+_{→ π}0_e+_ν =

G^2_F |V_{us}|^2 m^5_{K+} 2 π^3 768 f^2_+(0) ( 0.5792 + 0.1600 m^2_{K+} m^2_{π0} λ_+ +0.01770 m^4_{K+} m^4_{π0} λ^2_+ )

= f^2_+(0) (25.90 ± 0.07) × 10^{−16} MeV , (7)

where G_F = 11.6639×10^{−6} GeV^{−2}, V_{us} = 0.2196±0.0026, and λ_+ = 0.0278±0.0019 [15]. If we neglect here the term quadratic in λ_+, as e.g. done in Ref. [26], the leading factor in Eq. (7) becomes 25.80 instead of 25.90. Moreover, accounting for a nonvanishing electron mass yields a totally negligible correction of the order of 0.001%. In any case, comparison with the data in Eq. (6) clearly shows that the form-factor scale f_+(0) must be near unity. However, electroweak radiative corrections to Γ(K^+ → π^0e^+ν) are not negligible on the scale of the experimental errors in V_{us} and λ_+, giving rise to an enhancement of |V_{us}| by more than 2% [27], suggesting that f_+(0) should be a trifle less than unity.

As a matter of fact, the nonrenormalization theorem [28] requires the form factor f_+(q^2) to be close to unity when q^2 = 0. Furthermore, in the infinite-momentum frame (IMF), tadpole graphs are suppressed and so [29] 1 − f^2_+(0) = O(δ^2) ≈ 6% is second order in SU(3)-symmetry breaking. Of similar order are, for example, (m_π/m_K)^2 = 7.7%, and (1 − f_K/f_π)^2 = 5%, for f_K/f_π = 1.22.

Fig. 2. Quark-loop contribution to K^+ → π^0e^+ν.

Next we follow the (constituent) quark-model triangle graph of Fig. 2, with √ 2 ⟨ π^0|V^{4−i5}_μ |K^+ ⟩ = f_+(t)(p_K + p_π)_μ + f_−(t)(p_K − p_π)_μ . (8)

Note that, for this process, the f_− form factor can be disposed of, since it is weighted by m_e ≪ m_K [26], giving rise to a m^2_e /m^2_K suppression of the corresponding contributions to Γ(K^+ → π^0e^+ν). To test SU(2)-symmetry breaking in K_{ℓ3} decays as in Eqs. (7) and (8) above, we note the present data consistency [15] of λ_+(K^+_{e3}) = 0.0278 ± 0.0019, λ_+(K^0_{e3}) = 0.0291 ± 0.0018, λ_+(K^+_{μ3}) = 0.033 ± 0.010, and λ_+(K^0_{μ3}) = 0.033 ± 0.005. Then, expanding in the SU(3)-breaking parameter δ = (m_s/m̂) − 1 (as already used in Sec. 2) and working in the soft-pion CL, the Feynman graph of Fig. 2 predicts [30] (recall the value of the meson-quark coupling g ≈ 3.628 in Sec. 1) f_+(0) = 1 − g^2δ^2/8π^2 ≈ 0.968. This value slightly below unity is not only in agreement with the nonrenormalization theorem above, as 1 − f^2_+(0) = 1 − (0.968)^2 = 6.3%, but also quantitatively compatible with Eqs. (6) and (7), if we account for the mentioned radiative corrections contributing with about −1.5% to f_+(0), and the experimental errors in V_{us} and λ_+. Here, we should add that using unitarity of the CKM matrix and the present experimental value for |V_{ud}| [15] would result in an about 4% larger value for |V_{us}| (see Ref. [27], second paper), thus calling in question the small error bars in |V_{us}|, and lending extra support to our conclusion that f_+(0) is somewhat less than unity.

5. Semileptonic weak radiative form factors for π^+ → e^+νγ and K^+ → e^+νγ

From Ref. [15], the π^+ → e^+νγ and K^+ → e^+νγ matrix elements are

M_V =

−e G_F V_{qq}′ √ 2 m_P ϵ^μℓ^ν F^P_V ϵ_{μνστ} k^σq^τ , (9)

M_A =

−ie G_F V_{qq}′ √ 2 m_P ϵ^μℓ^ν {F^P_A [(s − t)g_{μν} − q_μk_ν ] + R^Pt g_{μν} } , (10)

where V_{qq}′ is the corresponding Cabibbo-Kobayashi-Maskawa (CKM) mixingmatrix element, ϵ^μ is the photon polarization vector, ℓ^ν is the lepton-neutrino current, q and k are the meson and photon four-momenta, respectively, with s = q · k, t = k^2, and P stands for π or K. The weak vector (pion) form factor F^π_V in Eq. (9) and the second axial vector form factor R^π in Eq. (10) are model independent [31], with F^π_V determined only by conserved vector currents (CVC), and R^π related via the pion charge radius (r_π = 0.642 ± 0.002 fm) to partially conserved (pion) axial currents (PCAC). Specifically, F^π_V was long ago determined by CVC [31], viz. F^π_V (0) = √ 2m_π+ /8π^2f_π ≈ 0.027, reasonably close to data [15] 0.017±0.008. Furthermore, PCAC predicts (PCAC is manifest in the LσM [32, 33]) R^π = m_π+ f_π+ r^2_{π+} /3 = 0.064 ± 0.001, where f_π+ = 130.7 ± 0.1 MeV [15] and we use r_π+ = 0.642 ± 0.002 fm. The latter prediction is near data [34] R^π = 0.059^{+0.009}_{−0.008} .

To apply the LσM theory, we consider the quark-plus-meson-loop graphs of Fig. 3. Then the ratio γ = F_A(0)/F_V(0) is predicted as [35] γ^{LσM} = 1 − 1/3 = 2/3, with F^π_A (0) = √ 2m_π[(8π^2f_π)^{−1} − (24π^2f_π)^{−1}] = √ 2m_π/12π^2f_π ≈ 0.0179.

So this form-factor ratio divided by the CVC value of F^π_V (0) above gives γ^{LσM} = 0.0179/0.027 ≈ 0.66, compatible with 2/3 and with data [15]: γ_{data} = (0.0116 ± 0.0016)/(0.017 ± 0.008) = 0.68 ± 0.33. With hindsight, this ratio γ^{LσM} = 2/3 is near the original current-algebra (CA) estimate 0.6 found in Ref. [36], and exactly the same γ found in Sec. 3 from the LσM.

Extending the above LσM picture to SU(3) symmetry, we first assume a scalar nonet pattern below 1 GeV (e.g., f_0(600) (σ), κ(800), f_0(980), a_0(980)) as found from a kinematic IMF scheme [37], or from a dynamical coupled-channel unitarized model [38]. Then, inclusion of a_0a_0η_{NS} (“NS” means nonstrange), KKκ, and κκK meson-loop graphs, besides the ππσ graph of Fig. 3, lowers the prediction for γ to γ^{LσM}_{SU(3)} ≈ 0.58 [39], which is still in accordance with data and the CA estimate.

Fig. 3. Quark- and meson-loop contribution to π^+ → γe^+ν.

Coming now to the K^+ → e^+νγ form factor, an SU(3) LσM quark-plus-meson-loop analysis, involving uus, ππκ, a_0a_0K, KKf_0(980), κκη_S (“S” stands for strange), KKa_0, κκπ, KKσ, and κκη_{NS} loops, predicts [39], at k^2 = 0, |F^K_V (0)+F^K_A (0)|_{LσM} ≈ 0.109 + 0.044 = 0.153, close to the K^+ → e^+νγ data [15] |F^K_V (0) + F^K_A (0)|_{data} = 0.148 ± 0.010. An SU(3) LσM theory is reasonably detailed [11] due to resonances below 1 GeV, but the LσM kaon form-factor sum is easily tested via the data. The same is true for the pion form-factor values above, partly based on the measured pion charge radius [7] r_π = 0.642 ± 0.002 fm.

6. VMD: LσM via VPP and VPV or PVV loops

We first confirm the (crucial) value of the pion charge radius [7] r_π = 0.642 ± 0.002 fm via Sakurai’s vector-meson-dominance (VMD) prediction [40] r_π = √ 6/m_ρ ≈ 0.63 fm. Recall that the tightly bound q̄q chiral pion in Sec. 2, with constituent quark mass m̂ ≈ 325 MeV (near m̂ ≈ M_N /3), has CL charge radius r^{CL}_π = 1/m̂ ≈ 0.61 fm. So the close agreement with Sakurai’s value means we must take the VMD scheme along with the LσM as the basis of our chiral theory.

The ρ^0 form factor predicts, from udu+ dud quarks loops in the CL (see Fig. 4),

g_{ρππ} = −i4N_c g^2g_ρ ∫ d^{−4}p (p^2 − m̂^2)^{−2} = g_ρ ,

by virtue of the LDGE [10]. Then, folding in the mesonic π-σ-π loop changes the VMD prediction only slightly to [12] g_{ρππ} = g_ρ + g_{ρππ}/6 = (6/5)g_ρ, compatible with the observed couplings g_{ρππ} ≈ 6.04 and g_ρ ≈ 5.01, since (for p_{CM} = 358 MeV)

Γ_{ρππ} = p^3_{CM} g^2_{ρππ}

6πm^2_ρ

= 149.2 ± 0.7 MeV =⇒ g_{ρππ} ≈ 6.04 (11)

Γ_{ρee} = e^4 m_ρ 12πg^2_ρ

= 6.85 ± 0.11 keV =⇒ g_ρ ≈ 5.01 , (12)

with e ≈ 0.3028 (i.e., α ≈ 1/137). Also, the quark-loop VPV or PVV (see Fig. 5) amplitudes are [41], using Γ_{VPV} = p^3|F_{VPV}|^2/12π,

|F (ρ→πγ)| = eg_ρ 8π^2f_π

≈ 0.207 GeV^{−1} , |F (ω →πγ)| = eg_ω 8π^2f_π

≈ 0.704 GeV^{−1} ,

Fig. 4. Vector-mesonic VPP quark triangle graphs.

Fig. 5. PVV quark triangle graphs for ρ → πγ, ω → γπ^0, and π^0 → γγ. | F (π^0 →2γ) | = α πf_π = e^2 4π^2f_π

≈ 0.025 GeV^{−1} , (13)

for g_ρ ≈ 5.01 and g_ω ≈ 17.06, very close to the data 0.222 ± 0.012 GeV^{−1} [15], 0.698 ± 0.014 GeV^{−1} [42] and 0.0252 ± 0.0009 GeV^{−1} [15], respectively. Equivalently, VMD predicts at tree level |F_{ρπγ} | e/g_ρ = |F_{ωπγ} | e/g_ω = |F_π0_{γγ} |/2, then compatible with the LσM quark loops in Eq. (13).

7. Nonleptonic weak K_{2π} ΔI = 1/2 rule and σ, κ mesons

The well-known [15] ΔI = 1/2 rule Γ(K_S → π^+π^−)/Γ(K^+ → π^+π^0) ≈ 450 for nonleptonic weak K_{2π} decays suggests [43] that the parity-violating (PV) amplitude ⟨2π|H^{pv}_w |K_S⟩ could be dominated by the ΔI = 1/2 weak transition ⟨σ|H^{pv}_w |K_S⟩. The σ-pole graph of Fig. 6, with LσM coupling ⟨2π|σ⟩ = m^2_σ/2f_π for m_σ near m_K and Γ_σ ∼ m_σ, predicts [44]

| ⟨2π|H^{pv}_w |K_S⟩ | = | | | 2 ⟨2π|σ⟩ ⟨σ|H^{pv}_w |K_S⟩ m^2_K − m^2_σ + i m_σΓ_σ | | | ≈ 1 f_π

|⟨σ|H^{pv}_w |K_S⟩| . (14)

But pion PCAC (manifest in the LσM) requires, using the weak chiral commutator [Q_5 + Q, H_w] = 0,

| ⟨2π|H^{pv}_w |K_S⟩ | → f^{−1}_π | ⟨π|[Q^π_5 , H_w]|K_S⟩ | ≈ f^{−1}_π |⟨ π^0|H^{pc}_w |K_L ⟩| , (15)

with both pions being consistently reduced in Ref. [45]. To reconfirm Eq. (15), one considers the ΔI = 1/2 weak tadpole graph, giving

| ⟨2π|H^{pv}_w |K_S⟩ | = m^{−2}_K | ⟨0|H_w|K_S⟩ ⟨K_S 2π|K_S⟩ | , (16)

Fig. 6. Parity-violating two-pion decay of K_S dominated by σ pole.

and then one invokes the Weinberg-Osborn [46] strong chiral coupling | ⟨K_S 2π|K_S⟩ | = m^2_{KS} /2f^2_π , together with the usual PCAC relation |⟨0|H^{pv}_w |K_S⟩| = |2f_π ⟨ π^0|H^{pc}_w |K_L ⟩ |, to recover Eq. (15) [47].

In either case, equating Eqs. (14) and (15) gives |⟨σ|H^{pv}_w |K_S⟩| ≈ |⟨ π^0|H^{pc}_w |K_L ⟩| , suggesting that the π and σ mesons are “chiral partners”, at least for nonleptonic weak interactions. But of course, Secs. 1–6 above also show that the π and the σ are chiral partners for strong, e.m., and semileptonic weak interactions, as well. To compare this chiral-partner K → π transition with K_{2π} data, we return to the PCAC equation (15) to write, for f_π ≈ 93 MeV,

| ⟨2π|H^{pv}_w |K_S⟩ | ≈ 1 f_π |⟨ π^0|H^{pc}_w |K_L ⟩| ≈ 38 × 10^{−8} GeV , (17)

midway between the observed K_S → π^+π^− and K_S → π^0π^0 amplitudes | M^{+−}_{KS→ππ} | PDG = m_{KS} [ 8πΓ^{KS}_{+−} q ] 1_2

= (39.1 ± 0.1) × 10^{−8} GeV , (18)

| M^{00}_{KS→ππ} | PDG = m_{KS} [ 16πΓ^{KS}_{00} q ] 1_2

= (37.1 ± 0.2) × 10^{−8} GeV , (19)

suggesting | ⟨ π^0|H^{pc}_w |K_L ⟩ | ≈ 3.58 × 10^{−8} GeV^2. In fact, when one statistically averages eleven first-order weak data sets for K_S → 2π, K → 3π, K_L → 2γ, K_L → μ^+μ^−, K^+ → π^+e^+e^−, K^+ → π^+μ^+μ^−, and Ω^− → Ξ^0π^−, one finds [48] |⟨ π^0|H^{pc}_w |K_L ⟩| = |⟨ π^+|H^{pc}_w |K^+ ⟩| = (3.59 ± 0.05) × 10^{−8} GeV^2 . (20)

To induce theoretically at the quark level the ΔI=1/2 s → d single-quark-line (SQL) transition scale β_w in a model-independent manner, one considers the second-order weak (see Fig. 7) K_L −K_S mass difference Δm_{LS} diagonalized to [49]

2β^2_w =

Δm_{LS} m_K

= (0.70126 ± 0.00121) × 10^{−14}

=⇒ |β_w| ≈ (5.9214 ± 0.0051) × 10^{−8} . (21)

Fig. 7. K̄^0 ↔ K^0 SQL graph. Each dot represents the SQL weak scale β_w.

Then using Eq. (21), one predicts from the soft-meson theorem, or from Cronin’s

chiral Lagrangian [50], |⟨ π^0|H^{pc}_w |K_L ⟩| = 2β_wm^2_{KL} f^{−1}_π f_K = (3.5785 ± 0.0031) × 10^{−8} GeV^2 , (22)

given f_K/f_π ≈ 1.22. This SQL scale β_w in Eq. (21) and the K → π weak ampli-

tude in Eq. (22) (or in Eq. (20)), correspond to a “truly weak” interaction, which

Weinberg [51] shows cannot be transformed away in the electroweak standard

model. To test the latter weak scale (22) (or the similar data averages (20)), we first

re-express the neutral chiral-partner relation (extended to the κ transition [44]) as ⟨ π^0|H^{pc}_w |K^0 ⟩ = ⟨ σ|H^{pv}_w |K^0 ⟩ = ⟨ π^0|H^{pv}_w |κ^0 ⟩ = 3.58 √ 2 × 10^{−8} GeV^2 .

We fix this κ^0 → π^0 weak transition to the weak PV K^0 tadpole graph of Fig. 8,

via the K^0 → vacuum PCAC scale, as |⟨ 0|H^{pv}_w |K^0 ⟩| = 2f^2_π |⟨ 2π^0|H^{pv}_w |K^0 ⟩| /(1 −

m^2_π/m^2_K) = 0.51 × 10^{−8} GeV^3, using |⟨ 2π^0|H^{pv}_w |K^0 ⟩| = 26.26 × 10^{−8} GeV

from data, while eliminating the 4% ΔI = 3/2 component (see Ref. [51],

third paper). Then Fig. 8 predicts the amplitude magnitude | |⟨π0|Hpv_w |κ0⟩ | | = | |⟨0|Hpv_w |K0⟩ | | g_{κ0K0π0} /m2_{K0} ≈ 2.53 × 10−8 GeV2, scaled to the latter neutral chiral-

partner relation, provided one uses the LσM coupling, for f_π = 92.4 MeV [15],

|g_κ0_K0_π0 | = m^2_κ − m^2_K/4f_π = 1.229 GeV, corresponding to a κ mass of 838 MeV.

This value is not too distant from our earlier m_κ = 730–800 MeV predictions

[37, 38], and the very recent E791 observed mass m_κ ≈ 800 MeV [52]. Moreover,

the SU(3) analogue |g_{σππ}| = (m^2_σ − m^2_π)/2f_π suggests m_σ = 687 MeV, reasonably

near the predicted CL-LσM value [3, 53] m_σ = 650 MeV.

Fig. 8. Parity-violating weak K^0 tadpole graph for κ^0 → π^0 transition.

8. Summary and conclusions

In Sec. 1 we reviewed the solution of the LσM at the quark-loop level. In Sec. 2 we used SU(2), SU(3) Goldberger–Treiman quark relations to normalize the π and K form factors to unity at k^2 = 0, after which we differentiated these form factors to predict the LσM charge radii, both being compatible with data. Next, in Sec. 3, we briefly reviewed e.m. charged-pion polarizabilities for γγ → ππ, and compared them with LσM predictions. In Sec. 4 we used quark loops to match the observed form factor f_+(0). In Sec. 5 we showed that the LσM form factors F^π_V , R^π, F^K_V +F^K_A , and the ratio F^π_A/F^π_V are all in agreement with the measured values. Then in Sec. 6 we compared tree-level VMD with LσM VPP and PVV quark loops. Both theories agree well with data. Finally, in Sec. 7 we successfully extended this LσM picture to nonleptonic weak decays, in particular to the ΔI = 1/2-dominated K_{2π} decays, and inferred σ(687) and κ(838) masses.

In view of the good agreement with experiment for practically all studied observables, and the absence of any freely adjustable parameters, we believe the quarklevel LσM is an excellent candidate for an effective theory of low-energy QCD [54 – 60].

Acknowledgements

The authors are indebted to A. E. Kaloshin for valuable discussions. This work was partly supported by the Fundação para a Ciência e a Tecnologia of the Ministério do Ensino Superior, Ciência e Tecnologia of Portugal, under Grant no. PRAXIS XXI/BPD/20186/99 and under contract number CERN/P/FIS/43697/- 2001.

References

[1] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 (1961) 345.

[2] A. Salam, Nuovo Cim. 25 (1962) 224; S. Weinberg, Phys. Rev. 130 (1963) 776;

M. D. Scadron, Phys. Rev. D 57 (1998) 5307 [hep-ph/9712425].

[3] R. Delbourgo and M. D. Scadron, Mod. Phys. Lett. A 10 (1995) 251 [hep-ph/9910242]; [4] M. D. Scadron, Acta Phys. Polon. B 32 (2001) 4093; Kyoto sigma workshop, June 2000, hep-ph/0007184.

[5] M. D. Scadron, F. Kleefeld, G. Rupp and E. van Beveren, Nucl. Phys. A 724 (2003) 391 [hep-ph/0211275].

[6] M. D. Scadron, Rept. Prog. Phys. 44 (1981) 213; S. A. Coon and M. D. Scadron, Phys.

Rev. C 23 (1981) 1150.

These authors show that a once-subtracted dispersion relation requires 1−f^{CL}_π /fπ = m^2_π/8π^2f^2_π ≈ 0.03, so the observed fπ ≈ 93 MeV corresponds to f^{CL}_π ≈ 90 MeV.

[7] A statistical oscillator scheme of A. F. Grashin and M. V. Lepeshkin, Phys. Lett. B 146 (1984) 11, accurately fitting both nucleon and pion form factors over a wide range 0 < q^2 < 5 GeV^2, then refines the early E. B. Dally et al., Phys. Rev. Lett. 48 (1982) 375 pion-charge-radius data from rπ = 0.663 ± 0.023 fm to 0.633 ± 0.008 fm, and the new PDG result rπ = 0.672 ± 0.008 fm [15] to 0.642 ± 0.002 fm. Also note that the PDG of 2002 did not fold in the above result of Grashin and Lepeshkin.

[8] N. Paver and M. D. Scadron, Nuovo Cim. A 78 (1983) 159; also see E. Ruiz Arriola, Acta Phys. Polon. B 33 (2002) 4443 [hep-ph/0210007].

[9] S. P. Klevansky, Rev. Mod. Phys. 64 (1992) 649. [10] T. Hakioglu and M. D. Scadron, Phys. Rev. D 43 (1991) 2439.

[11] R. Delbourgo and M. D. Scadron, Int. J. Mod. Phys. A13 (1998) 657 [hep-ph/9807504]. [12] A. Bramon, Riazuddin and M. D. Scadron, J. Phys. G 24 (1998) 1 [hep-ph/9709274]. [13] R. Tarrach, Z. Phys. C 2 (1979) 221; S. B. Gerasimov, Sov. J. Nucl. Phys. 29 (1979) 259 (Erratum-ibid. 32 (1980) 156) [Yad. Fiz. 29 (1979) 513]. Also see V. Bernard, B. Hiller and W. Weise, Phys. Lett. B 205 (1988) 16.

[14] C. Ayala and A. Bramon, Europhys. Lett. 4 (1987) 777.

[15] K. Hagiwara et al. [Particle Data Group Collaboration], Phys. Rev. D 66 (2002) 010001.

[16] H. Marsiske et al. [Crystal Ball Collaboration], Phys. Rev. D 41 (1990) 3324. [17] J. Boyer et al. [MARK-II Collaboration], Phys. Rev. D 42 (1990) 1350. [18] H. J. Behrend et al. [CELLO Collaboration], Z. Phys. C 56 (1992) 381. [19] A. E. Kaloshin and V. V. Serebryakov, Z. Phys. C 64 (1994) 689 [hep-ph/9306224]. [20] A. E. Kaloshin, V. M. Persikov and V. V. Serebryakov, Phys. Atom. Nucl. 57 (1994) 2207 [Yad. Fiz. 57N12 (1994) 2298] [hep-ph/9402220].

[21] A. E. Kaloshin, V. M. Persikov and V. V. Serebryakov, hep-ph/9504261. [22] M. V. Terentev, Sov. J. Nucl. Phys. 16 (1973) 87 [Yad. Fiz. 16 (1972) 162]. [23] M. A. Ivanov and T. Mizutani, Phys. Rev. D 45 (1992) 1580; M. A. Ivanov, P. Santorelli and N. Tancredi, Eur. Phys. J. A 9 (2000) 109 [hep-ph/9905209].

[24] A. I. Lvov, Sov. J. Nucl. Phys. 34 (1981) 289 [Yad. Fiz. 34 (1981) 522]. [25] A. E. Kaloshin and V. V. Serebryakov, Z. Phys. C 32 (1986) 279. [26] M. D. Scadron, Advanced Quantum Theory, Springer-Verlag (1991), see Eq. (13.48);

R. E. Marshak, Riazuddin and C. P. Ryan, Theory of Weak Interactions in Particle Physics, Wiley-Interscience, NY (1969), see Eq. (5.112).

[27] W. J. Marciano and A. Sirlin, Phys. Rev. Lett. 71 (1993) 3629; V. Cirigliano, M. Knecht, H. Neufeld, H. Rupertsberger and P. Talavera, Eur. Phys. J. C 23 (2002) 121 [hep-ph/0110153].

[28] M. Ademollo and R. Gatto, Phys. Rev. Lett. 13 (1964) 264. [29] S. Fubini and G. Furlan, Physics 4 (1965) 229. [30] N. Paver and M. D. Scadron, Phys. Rev. D 30 (1984) 1988. [31] V. G. Vaks and B. L. Ioffe, Nuovo Cim. 10 (1958) 342. [32] M. Gell-Mann and M. Lévy, Nuovo Cim. 16 (1960) 705.

[33] V. de Alfaro, S. Fubini, G. Furlan and C. Rossetti, in Currents in Hadron Physics, North-Holland Publ., Amsterdam, Chap. 5 (1973).

[34] S. Egli et al. [SINDRUM Collaboration], Phys. Lett. B 222 (1989) 533. [35] A. Bramon and M. D. Scadron, Europhys. Lett. 19 (1992) 663. [36] T. Das, V. S. Mathur and S. Okubo, Phys. Rev. Lett. 19 (1967) 859. [37] M. D. Scadron, Phys. Rev. D 26 (1982) 239; N. Paver and M. D. Scadron, Nuovo Cim.

A 79 (1984) 57, see Eq. 32b.

[38] E. van Beveren, T. A. Rijken, K. Metzger, C. Dullemond, G. Rupp and J. E. Ribeiro, Z. Phys. C 30 (1986) 615.

[39] R. E. Karlsen, M. D. Scadron and A. Bramon, Mod. Phys. Lett. A 8 (1993) 97. [40] J. J. Sakurai, Annals Phys. 11 (1960) 1.

[41] R. Delbourgo, D. S. Liu and M. D. Scadron, Int. J. Mod. Phys. A 14 (1999) 4331 [hep-ph/9905501].

[42] M. Benayoun, S. I. Eidelman and V. N. Ivanchenko, Z. Phys. C 72 (1996) 221. [43] T. Morozumi, C. S. Lim and A. I. Sanda, Phys. Rev. Lett. 65 (1990) 404. [44] R. E. Karlsen and M. D. Scadron, Mod. Phys. Lett. A 6 (1991) 543. [45] R. E. Karlsen and M. D. Scadron, Phys. Rev. D 45 (1992) 4108. [46] S. Weinberg, Phys. Rev. Lett. 17 (1966) 616; H. Osborn, Nucl. Phys. B 15 (1970) 501. [47] A. D. Polosa, N. A. Tornqvist, M. D. Scadron and V. Elias, Mod. Phys. Lett. A 17 (2002) 569 [hep-ph/0005106]; Also see: E. van Beveren, F. Kleefeld, G. Rupp and M. D. Scadron, Mod. Phys. Lett. A 17 (2002) 1673 [hep-ph/0204139].

[48] J. Lowe and M. D. Scadron, Mod. Phys. Lett. A 17 (2002) 2497 [hep-ph/0208118]. [49] M. D. Scadron and V. Elias, Mod. Phys. Lett. A 10 (1995) 1159; S. R. Choudhury and M. D. Scadron, Phys. Rev. D 53 (1996) 2421, see Eq. (24).

[50] J. A. Cronin, Phys. Rev. 161 (1967) 1483, see Eq. (48).

[51] S. Weinberg, Phys. Rev. D 8 (1973) 605; Phys. Rev. Lett. 31 (1973) 494. Also see B. H. McKellar and M. D. Scadron, Phys. Rev. D 27 (1983) 157.

[52] E. M. Aitala et al. [E791 Collaboration], Phys. Rev. Lett. 89 (2002) 121801 [hepex/0204018].

[53] See e.g. M. D. Scadron, Eur. Phys. J. C 6 (1999) 141 [hep-ph/9710317]. [54] See e.g.: V. Elias and M. D. Scadron, Phys. Rev. D 30 (1984) 647; L. R. Babukhadia, V. Elias and M. D. Scadron, J. Phys. G 23 (1997) 1065 [hep-ph/9708431].

[55] A. C. Mattingly and P. M. Stevenson, Phys. Rev. Lett. 69 (1992) 1320 [hepph/9207228].

[56] V. Elias and M. D. Scadron, Phys. Rev. Lett. 53 (1984) 1129.

[57] F. Karsch, E. Laermann and A. Peikert, Nucl. Phys. B 605 (2001) 579 [heplat/0012023].

[58] D. Bailin, J. Cleymans and M. D. Scadron, Phys. Rev. D 31 (1985) 164; J. Cleymans, A. Kocic and M. D. Scadron, ibid 39 (1989) 323; N. Bilic, J. Cleymans and M. D. Scadron, Int. J. Mod. Phys. A 10 (1995) 1169 [hep-ph/9402201]; M. D. Scadron and P. Zenczykowski, Hadronic J. 25 (2002) 639 [arXiv:hep-th/0106154].

[59] J. Meyer, K. Schwenzer, H. J. Pirner and A. Deandrea, Phys. Lett. B 526 (2002) 79 [hep-ph/0110279], see Table 1; H. J. Pirner, hep-ph/0209221.

[60] F. Kleefeld, AIP Conf. Proc. 660 (2003) 325 [hep-ph/0211460].

MEZONSKI FAKTORI OBLIKA U LINEARNOM σ MODELU NA KVARKOVSKOJ RAZINI

Primjenjujemo linearni σ model (LσM) na kvarkovskoj razini za računanje niza elektromagnetskih i slabih veličina za lake mezone, kao što su pionski i kaonski faktori oblika i nabojski polumjeri, polarizivost nabijenih piona, poluleptonski slab K_{ℓ3} raspad, poluleptonski slabi radijativni pionski i kaonski faktori oblika, radijativni raspadi vektorskih mezona i neleptonski slabi raspadi K_{2π}. Slaganje svih predvid–anja s ishodima mjerenja je izvanredno. Usput, pokazujemo blisku vezu LσM sa prevladavanjem vektorskih mezona. Izvodima neke zaključke o LσM u odnosu na pristupe QCDu s rešetkama i renormalizacijskom grupom.