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We have measured angular distributions for recoil polarization in the p(~e, e′~p)π 0 reaction at Q2 ≈ 1 (GeV/c)2 with 1.16 ≤ W ≤ 1.36 GeV across the ∆ resonance. The
data are compared with representative models and a truncated Legendre analysis
is compared with a more general multipole analysis.
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1. Introduction
Transition form factors for the electroexcitation of nucleon resonances provide
stimulating tests of QCD-inspired models of baryon structure. For the ∆ resonance,
in particular, there has been long-standing interest in deformed components of the
N and ∆ wave functions. The dominant amplitude for pion electroproduction at
the ∆ resonance is the M1+ amplitude, but smaller S1+ and E1+ amplitudes arise
from configuration mixing within the quark core [1], often described as quadrupole
deformation, or from meson and gluon exchange currents between quarks [2], or
coupling to the pion cloud outside the quark core [3, 4]. Thus, the quadrupole deformation is related to the ratios of isospin-3/2 electroproduction multipole ampli3/2
3/2
3/2
3/2
tudes EMR = Re(E1+ /M1+ ) and SMR = Re(S1+ /M1+ ) evaluated at W = M∆
where M∆ = 1.232 GeV is the physical mass. It has been argued that the intrinsic
N and ∆ quadrupole moments are small [5] and that the observed EMR and SMR
are dominated by nonvalence degrees of freedom. However, extraction of these amplitudes from the differential cross section for pion electroproduction is also quite
model dependent and requires understanding backgrounds from nonresonant production mechanisms and underlying tails of nondominant resonances. This model
dependence can be reduced considerably by measurement of recoil and/or target
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polarization observables that are sensitive to the relative phase between resonant
and nonresonant mechanisms. Then it may be possible to perform a nearly modelindependent multipole analysis if a sufficiently large number of observables become
available with some sensitive to real parts and others to imaginary parts of products
of multipole amplitudes.
We have measured recoil polarization in the p(~e, e′~p)π 0 reaction at Q2 ≈ 1
(GeV/c)2 near the ∆ resonance, obtaining angular distributions for a total of 16
independent response functions in a 5×2 grid of (W, Q2 ). We compare a traditional
truncated Legendre analysis with a more general multipole analysis of these data.
Section 2 defines the response functions, Sect. 3 describes the experiment, Sect.
4 compares the data with selected models and compares Legendre and multipole
analyses, and Sect. 5 summarizes our conclusions.

2. Response functions
The differential cross section for recoil polarization in the pion electroproduction
~ )π can be expressed in the form
reaction p(~e, e′ N
d5 σ
= Γγ σ̄ [1 + hA + Π · S] ,
dkf dΩe dΩ∗

(1)

where σ̄ is the unpolarized cross section, h is the electron helicity, S is the spin
direction for the recoil nucleon, A is the beam analyzing power, Π = P + hP ′ is
the recoil polarization,
Γγ =

α kf kγ 1
2π 2 ki Q2 1 − ǫ

(2)

is the virtual photon flux for initial (final) electron momenta ki (kf ), ǫ =
−1
is the transverse polarization of the virtual photon, θe
1 + 2 (q2 /Q2 ) tan2 (θe /2)
is the electron scattering angle, and kγ = (W 2 − m2p )/2mp is the laboratory energy
a real photon would need to excite the same transition. Note that electron kinematics and solid angle dΩe are normally expressed in the lab frame while hadron
kinematics and nucleon solid angle dΩ∗ are expressed in the πN cm frame.
It is convenient to express polarization vectors in a basis where ℓ̂ is along the
nucleon momentum in the cm frame, n̂ ∝ q̂ ∧ ℓ̂ is normal to the reaction plane, and
t̂ = n̂ ∧ ℓ̂. The azimuthal dependence can then be extracted and the observables can
be decomposed into kinematical factors, να , which depend only upon electron kinematics and response functions, Rα (x, W, Q2 ), which carry the hadronic information,
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such that
σ̄
Aσ̄
Pn σ̄
Pℓ,t σ̄
Pn′ σ̄
and

′
Pℓ,t
σ̄

= ν0 [νL RL + νT RT + νLT RLT cos φ + νTT RTT cos 2φ] ,

(3a)

′
′
= ν0 [νLT
RLT
sin φ] ,

(3b)

n
n
n
= ν0 [νL RLn + νT RT
+ νLT RLT
cos φ + νTT RTT
cos 2φ] ,
h
i
ℓ,t
ℓ,t
= ν0 νLT RLT sin φ + νTT RTT sin 2φ ,

(3c)

′
′n
= ν0 [νLT
RLT
sin φ] ,
i
h
′ℓ,t
′ℓ,t
′
′
,
RTT
= ν0 νLT RLT cos φ + νTT

(3d)
(3e)
(3f)

where the response functions depend upon W , Q2 , and x = cos θπ where θπ is the
pion angle relative to ~q in the πN center of mass frame. The phase-space factor
ν0 = k/q0 is usually taken as the ratio between the cm momentum in the final
state and the cm momentum a real photon needs for the same transition.
√ The
′
1 − ǫ2 ,
remaining kinematical
coefficients
are
given
by:
ν
=
1,
ν
=
ǫ,
ν
=
T
TT
TT
p
p
′
νL = ǫS , νLT = 2ǫS (1 + ǫ), and νLT
= 2ǫS (1 − ǫ) where ǫS = (Q2 /q 2 )ǫ. When
there is insufficient information to perform a Rosenbluth separation, we employ
ǫ-dependent combinations
νT RL+T
and

n
νT RL+T

= νL R L + νT R T ,
=

n
νL R L

+

νT RTn

.

(4a)
(4b)

3. Experiment
The experiment was performed in Hall A of Jefferson Laboratory using a 4.531
GeV electron beam with an average current of 45 µA for 36.5 days and longitudinal polarization varying between 57 and 75% incident upon a 15 cm LH2 target.
The polarization was monitored nearly continuously by a Compton polarimeter. In
addition, a few measurements were also made with a Møller polarimeter. Scattered
electrons and protons were detected in a pair of nearly identical high-resolution
spectrometers with nominal acceptances of ∆Ω = 6 msr and ∆p/p = ±4.5%. The
electron spectrometer remained fixed at θe = 14.1◦ with a central momentum of
3.66 GeV/c for central values (W, Q2 ) = (1.232 GeV, 1.0 (GeV/c)2 ) with ǫ ≈ 0.95.
Twelve settings of the proton spectrometer covered the angular distribution for pion
electroproduction. Although the spectrometers are confined to the horizontal plane,
the kinematic focussing into a reaction cone with opening angle of approximately
13◦ provides considerable out-of-plane coverage, especially for x ∼ −1.
The proton polarization was measured using a focal-plane polarimeter (FPP)
with a carbon analyzer; the carbon thickness was adjusted to obtain optimal figureof-merit for each proton momentum setting. Response functions and polarization at
the target were extracted from the azimuthal distribution using the method of maximum likelihood. Good agreement was obtained with previous measurements for
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proton elastic scattering [6]. Helicity-independent asymmetries for elastic scattering were used to parametrize instrumental asymmetries, which were generally less
than 1%. Angular distributions for 14 separated response functions and 2 Rosenbluth combinations were obtained in the 5 × 2 grid of (W, Q2 ) indicated in Fig. 1,
although the statistics in the lower-left and upper-right corners were quite limited.
Details of the analysis can be found in Refs. [7] and [8].

Fig. 1. Kinematical acceptance and the binning for the polarization analysis.
Left: angular acceptance for θN , φN in the cm frame. Right: (W, Q2 ) acceptance.

4. Results
Preliminary data for (W, Q2 ) = (1.22 ± 0.02, 0.9 ± 0.1) are shown in Fig. 2. The
unpolarized response functions are compared with the published Hall B data of Joo
et al. [9]. Note that the Hall B data for RL+T contain two beam energies while the
Hall A data for ǫ ∼ 0.95 lie slightly higher, as expected. In general, we find good
agreement between the two experiments, but the statistical precision of the present
data is considerably higher than that of the published Hall B data; higher statistics
from the latter will be forthcoming. The limited spectrometer acceptance in φ for
x ∼ 0 does not permit separation there between RL+T and RTT , but the cross
section data (not shown) were included in the partial-wave and multipole analyses.
The 12 response functions shown in columns 2–4 of Fig. 2 have been observed
here for the first time. The response functions in the third column depend upon
real parts of interference products and are dominated by resonant amplitudes, while
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Fig. 2. Data for response functions at (W, Q2 ) = (1.22, 0.9) are compared with
selected models: MAID2000 (solid), DMT (dashed), SAID (dash-dot). Results
from CLAS are shown as green squares for ki = 1.645 GeV or blue open circles for
ki = 2.445 GeV. For each panel, the first part of the label describes the interference
structure, inclusion of “h” indicates helicity dependence, and the recoil polarization
is given in parentheses with “0” indicating an unpolarized response.
those in the second and fourth columns depend upon imaginary parts and are
more sensitive to the nonresonant contributions. Consequently, model differences
are more pronounced for the latter. The data are compared with calculations based
upon the MAID2000 [10], DMT [11], and SAID [12] models. Of these, the DMT
model gives the best overall qualitative agreement with the data, but none are
really satisfactory.

4.1. Legendre analysis
Each of the response functions can be represented by a Legendre expansion of
the form
∞
X
Rη = (1 − x2 )αη /2
Aηn Pn (x)
(5)
n=0

where αη represents the leading angular dependence for the response function identified by η. Clearly, response functions with αη > 0 vanish for parallel or antiparallel
kinematics where x2 = 1. The Legendre coefficients Aηn (W, Q2 ) can be obtained by
fitting response-function angular distributions for each (W, Q2 ). Alternatively, ofFIZIKA B 13 (2004) 1, 81–90
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ten the most efficient method for extracting the x dependence of response functions
for a particular (W, Q2 ) bin is to perform a two-dimensional fit of the (x, φ) dependencies of the appropriate observable, cross section or polarization, with the aid
of the Legendre expansion. This type of analysis can be used to extrapolate response functions to parallel or antiparallel kinematics where interesting symmetry
relations have been developed but where the experimental acceptance vanishes.
The Legendre coefficients can be expanded in terms of products of multipole
amplitudes, but unwieldy general expressions are omitted. Most analyses in the ∆
region have limited the expansions to s- and p-waves and have used the assumption of M1+ dominance to truncate these expansions to terms involving the M1+
amplitude. Thus, using the coefficients fitted to the unpolarized cross sections, one
would deduce

and

∗
ReE1+
M1+
|M1+ |2

≈

− 2ATT
3AL+T
0
2
,
12AL+T
0

(6a)

∗
M1+
ReS1+
|M1+ |2

≈

ALT
1
.
3AL+T
0

(6b)

However, similar expressions can be obtained from truncated multipole expansions
of the Legendre coefficients for other response functions also, and there is no guar-

Fig. 3. Data for response functions at (W, Q2 ) = (1.22, 0.9) are compared with
Legendre fits in the sp truncation (dashed) and with a few extra terms as needed
(solid). Results from CLAS are shown as green squares for ki = 1.645 GeV or blue
open circles for ki = 2.445 GeV.
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antee of consistency between these determinations because the Legendre analysis
treats each response function independently without regard to its multipole content. Furthermore, Legendre fits limited to the number of terms suggested by M1+
dominance fail to reproduce some of the response functions, demonstrating that
higher-order terms are not always negligible. The dashed lines in Fig. 3 show that
M1+ dominance is sufficient to fit most of the response functions well, but several response functions require additional terms. The solid curves include one or
two additional terms for response functions that are not described well by the sp
trunction over a range of (W, Q2 ). CLAS data were not included in the fits.

4.2. Multipole analysis
Our nearly complete set of recoil-polarization response functions make it possible to perform a more rigorous multipole analysis. Let
(0)

Ai (W, Q2 ) = Ai (W, Q2 ) + δAi (W, Q2 )

(7)

represent either the real or the imaginary part of one of the multipole amplitudes
(0)
(Mℓj , Eℓj , or Sℓj ) where Ai is a baseline amplitude obtained from a suitable
model, usually MAID or DMT, while δAi is a variable to be fit to the data. If
we were to limit the fit to variations of the s- and p-wave amplitudes, with all
higher amplitudes determined by the selected baseline model, there would be up
to 14 free parameters for each (W, Q2 ) bin to be fit to the (x, φ) distributions for
8 measured quantities (cross section, analyzing power, and helicity-dependent and
helicity-independent recoil polarization components) simultaneously. Alternatively,
we can fit the parameters to the x distributions of the 16 response functions that are
available without Rosenbluth separation. Variation of all d-wave amplitudes would
increase the number of free parameters to 26 per (W, Q2 ) bin while reducing the
sensitivity to the choice of baseline model. In the ∆ region, one expects the higher
multipoles to have relatively little influence and to be dominated by Born terms,
which are similar in most models. The sensitivity of fitted multipole amplitudes
to uncertainties in higher partial waves can be gauged by comparing fits using
different baseline models. An advantage of this type of analysis is that it minimizes
the dependence on models; however, it does not guarantee that the fitted multipole
amplitudes will depend smoothly on both W and Q2 . Model-dependent analyses
which adjust parameters of an effective Lagrangian should produce kinematically
smooth multipole amplitudes at the expense of possible bias.
The dashed lines in Fig. 4 show a fit that varies all s- and p-wave multipole
amplitudes for (W, Q2 ) = (1.22, 0.9) while the solid lines vary d-wave amplitudes
also. MAID2000 was used as the baseline model for higher partial waves. There
appears to be no systematic improvement in the fits by varying d-wave amplitudes,
but the fits are not as accurate as the Legendre analysis either, which may indicate
a deficiency of the nonresonant contributions to the baseline model or inconsistencies in the preliminary data. A revised analysis of the response-function data that
corrects some errors is in progress and final results are expected soon.
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Fig. 4. Data for response functions at (W, Q2 ) = (1.22, 0.9) are compared with fits
that vary sp (dashed) versus spd (solid) multipole amplitudes. Results from CLAS
are shown as green squares for ki = 1.645 GeV or blue open circles for ki = 2.445
GeV.
The quadrupole deformation parameters can now be obtained directly from the
fitted multipole amplitudes using

and

∗
M1+
ReE1+
|M1+ |2

=

ReE1+ ReM1+ + ImE1+ ImM1+
,
ReM1+ ReM1+ + ImM1+ ImM1+

(8a)

∗
ReS1+
M1+
|M1+ |2

=

ReS1+ ReM1+ + ImS1+ ImM1+
,
ReM1+ ReM1+ + ImM1+ ImM1+

(8b)

where ReM1+ → 0 at the physical mass, W → M∆ = 1.232 GeV. The deformation
of the N→ ∆ transition is generally quoted at W = 1.232 GeV after correction for
the isospin-1/2 contribution, but this correction has not yet been made. For fixed
Q2 , we can interpolate within the W dependence of these ratios or employ a bin
centered upon M∆ .
These two methods for the determination of EMR and SMR are compared in
Fig. 5. The left panel uses Eq. (6) for the truncated Legendre analysis while the
right panel uses Eq. (8) for the multipole analysis, where within each panel both
data and calculations employ the same formulas. The difference between the two
methods at W = 1.232 GeV is a measure of the accuracy of the truncated Legendre analysis. For the multipole analysis, red points fit s- and p-wave multipoles with
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Fig. 5. EMR and SMR data for Q2 = 0.9 (GeV/c)2 are compared with MAID2000
(solid), DMT (dashed), and SAID (dash-dot). Left: results from truncated Legendre expansion. Right: results from multipole analysis with red points varying sp
and black points varying spd amplitudes wrt MAID2000. Within each panel data
and curves employ the same formulae.
higher multipoles taken from MAID2000, while black points fit d-wave amplitudes
also and have larger uncertainties because the data do not determine those amplitudes well enough. Note that the covariance matrix was used to evaluate the effect
of correlations upon the uncertainties in these ratios. The experimental results for
SMR are stable and both methods give similar W dependencies over this entire
range. The model calculations for SMR are also in agreement with the data near
1.232 GeV and describe the W dependencies well, although MAID2000 and DMT
are in better agreement with each other than with SAID. For EMR, on the other
hand, the two methods produce different W dependencies and the variation among
models is greater; nevertheless, these variations remain fairly small in the immediate vicinity of M∆ . The experimental results are more sensitive to the choice of
variables and baseline model for EMR than for SMR.
The present analysis is still preliminary and should not be quoted before the
remaining problems in the data analysis are resolved and a more detailed analysis of
the model dependencies is made. These results should be regarded as an indication
of what should be possible with the final data. A more detailed presentation of the
multipole amplitudes will be made in a later publication.

5. Summary
We have measured angular distributions for recoil polarization in the p(~e, e′~p)π 0
reaction at Q2 ≈ 1 (GeV/c)2 with 1.16 ≤ W ≤ 1.36 GeV across the ∆ resonance
and have obtained 14 separated response functions and two Rosenbluth combinations, of which 12 have been measured for the first time. Calculations for quantities
that depend upon real parts of interference products differ little among models and
agree relatively well with the data, but variations among models and disagreements
FIZIKA B 13 (2004) 1, 81–90
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with data are much larger for quantities dependent upon imaginary parts that are
more sensitive to background amplitudes. These data can be used to perform a multipole analysis in which the real and imaginary parts of multipoles for low partial
waves are fit, while higher nonresonant partial waves are constrained by models.
This type of analysis is much more general than the truncated Legendre analysis
normally used to determine EMR and SMR for the N→ ∆ transition. For SMR we
find good agreement between these methods and relatively little model dependence,
but results for EMR are more sensitive to the analysis method.
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POLARIZACIJA U ODBOJU PRI ELEKTROTVORBI NEUTRALNIH PIONA
BLIZU DELTA REZONANCIJE
Mjerili smo kutne raspodjele polarizacije u odboju u reakciji p(~e, e′~p)π 0 za Q2 ≈ 1
(GeV/c)2 i 1.16 ≤ W ≤ 1.36 GeV u području ∆ rezonancije. Podaci se uspored–uju
s odabranim modelima, a krnja Legendreova analiza uspored–uje se s općenitijom
multipolnom analizom.
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