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π+-nucleus scattering cross section are calculated by solving a Schrödinger equa-
tion reduced from the Klein-Gordon equation. Local potentials are assumed, and
phenomenological potential parameters are searched energy dependently for π+

scattering from 12C, 40Ca, and 208Pb to reproduce not only differential elastic
cross sections but also inelastic and total and reaction cross sections at 800 MeV/c
pion laboratory momentum. The collective model is used to calculate the angular
distributions of differential inelastic cross sections for pions leading to the lowest
2+ and 3− states of 12C. The deformation parameters and lengths are extracted
and compared to the corresponding ones from other works. Local potentials well
describe the scattering of pions from nuclei.
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1. Introduction

Pion-nucleus elastic scattering has been studied using a variety of theoreti-
cal methods to understand the pion-nucleus interaction and thereby the nuclear
structure in the framework of the multiple scattering theory, by using elementary
pion-nucleon scattering amplitude obtained from the pion-nucleon scattering data.

The optical potentials normally used in the Klein-Gordon equation for the pion-
nucleus scattering are known to be nonlocal, particulary in the ∆-resonance region
due to the p-wave nature of the resonance. However, it would be not only easier to
visualize but also interesting if one could localize the nonlocal potential and look
at the dynamics of the scattering from a different point of view.

Recently, Satchler [1] showed a method of reducing the Klein-Gordon equation
to the form of a Schrödinger equation by redefining some kinematical quantities.

FIZIKA B 14 (2005) 4, 333–348 333



khallaf and ebrahim: phenomenological local potential analysis of π
+

. . .

Elastic and inelastic scattering of positive and negative pions at several incident
energies and for various target nuclei ranging from 40Ca to 208Pb were analyzed
by using local potentials of the Woods-Saxon (WS) form [1]. It was concluded that
the simple WS local potential model seems to be useful for pion-nucleus scattering
without recourse to complexities of the nonlocal interactions.

On the other hand, in previous work [2, 3], the local potential of Johnson and
Satchler [4] equivalent to the Kisslinger nonlocal potential [5] was used to success-
fully analyze the elastic scattering [2] of π± from 12C, 16O, 28Si and 40,44,48Ca in
the pion kinetic energy range from 30 to 292 MeV. Elastic and inelastic scattering
[3] of pions by 40,42,44,48Ca and 54Fe at 116, 180, and 292.5 MeV had also been
analyzed. Good reproduction of the data was obtained for these nuclei without
adjusting any free parameters of the optical potential. It was concluded that the
use of a local optical potential equivalent to the Kisslinger one predicts well the
cross sections of π± elastic and inelastic scattering with zero range DWUCK4 code
[6].

In general, it is well known that a continuous array of phenomenological optical
model potentials may account for the elastic data, making this simple model less
than useful for pion reactions. As a further test of the uniqueness of the param-
eters obtained from the elastic scattering, angular distributions for the inelastic
scattering data of pions using the collective model is done. When inelastic zero-
range calculations are carried out, the ambiguity in parameters of the WS optical
potential are greatly reduced.

The main purpose of the present work is to find optical-model sets of parameters
of the phenomenological WS optical potential for π+ scattering from 12C, 40Ca,
and 208Pb at about 800 MeV/c incident pion momentum. These parameters are
required in distorted-wave analysis of inelastic reactions. Comparing this simple
local potential with the local one exactly phase-shift equivalent to the Kisslinger
potential, obtained by using the Krell-Ericson transformation method [7], which
has been used for instance by Parija [8] and recently by Johnson and Satchler [4],
one has another way to reduce the ambiguity in the parameters of the WS potential.
Inelastic scattering of π+ leading to the lowest 2+ and 3− states in 12C are analysed
using the collective model in terms of the conventional zero-range distorted-wave
Born approximation (DWBA).

The method employed here is described in Subsect. 2.1, the results and discus-
sion of the WS local potentials are given in subsections 2.2-2.4. We compare our
phenomenological local potential with the local Kisslinger potential in Sect. 3 and
the conclusions are presented in Sect. 4.

2. Optical model analysis

2.1. The model

In most works dealing with the solving of the Klein-Gordon equation, a so-called
truncated Klein-Gordon equation is used, which means that terms quadratic in the
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potentials are neglected compared to the energy of the pion. With this assumption,
one gets [4] {

−(h̄ c)2 ∇2 + 2ω (VN + VC)

}

φ = (h̄ k c)2 φ , (1)

where φ is the distorted wave function for the relative motion between the pion
and the target nucleus, VC and VN are the Coulomb and the nuclear potentials,
respectively, and k is the relativistic center-of-mass momentum of the pion. ω is
the total energy of the pion in the center-of-mass (c.m.) system, defined as [1]

ω =
Mπ mT

Mπ + mT
c2 . (2)

m
T

is the target mass and the effective pion mass is Mπ = γπ mπ, where γπ is [1]

γπ =
y + γℓ

(1 + y2 + 2 y γℓ)1/2
, y =

mπ

mT
, γℓ = 1 +

Kℓ

mπc2
, (3)

Kℓ is the pion bombarding energy in the laboratory system and m
π

is the pion
mass. Here m

π
c2=139.6 MeV has been used. Satchler [1] introduced a reduced

mass µ = ω/c2 and converted Eq. (1) to the form of Schrödinger equation

{

−
h̄2

2µ
∇

2 + VN + VC

}

φ = Ecm φ, (4)

for the scattering of two masses, Mπ and mT with center-of-mass kinetic energy
Ecm = (h̄ k)2/2µ. The incident pion bombarding energy was modified to Eℓ =
Ecm(Mπ + mT )/mT , the so-called effective bombarding energy, so that a standard
nonrelativistic optical model computer code could be used. Here, the DWUCK4 [6]
and Hi-optim 94.2 [9] codes were used.

2.2. Results for phenomenological local potentials

The Woods-Saxon form of VN in Eq. (4) can be written as

VN (r) = −
V

1 + exp(XV )
− i

W

1 + exp(XW )
, (5)

with
Xj = (r − Rj)/aj , Rj = rj A

1/3 (j = V, W ) ,

where rj and aj are the radius and the diffuseness parameters, respectively, and A
is the target mass number. Here, V is the depth of the real part of the potential
and W the corresponding depth for the imaginary part. Since pions are spinless
particles, the spin-orbit term is not taken into account. VC in Eq. (4) is the Coulomb
potential due to a uniformly charged sphere of radius RC = 1.2A1/3 fm [3].
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Optical model analyses were carried out here using the automatic search pro-
gram Hi-optim 94.2 code due to Clarke [9]. This is a nonrelativistic program for
local optical model calculations and needs as input, among other quantities, the
mass and energy of the incident particle. In this work, we used for these two quanti-
ties the relativistically corrected values; the effective pion mass Mπ and the effective
bombarding energy Eℓ, as described before.

There are six adjustable parameters in Eq. (5). We fixed them by using a χ2-
value defined by

χ2 =
1

N

N
∑

i=1

(

σi
exp − σi

th

∆σi
exp

)2

, (6)

this χ2-value is evaluated at each energy, and given in Table 1. The potential
parameters are adjusted so as to minimize the χ2. In Eq. (6), N is the total number
of experimental points, σi

exp’s (σi
th’s) and ∆σi

exp are the experimental (theoretical)
cross sections and uncertainties, respectively. Normalization uncertainties for the
data are not included in the fitting, but we provide overall scale uncertainty of 10 %
[1, 10].

TABLE 1. Woods-Saxon optical-potential parameters for π+ scattering on 12C and
40Ca at 800 MeV/c and on 208Pb at 790 MeV/c. Five selected sets that minimize
χ2 are given for each pion lab momentum. Fits are shown in Fig. 1. A positive real
potential is attractive and a positive imaginary potential is absorptive.

Set V rv av W rw aw χ2

(MeV) (fm) (fm) (MeV) (fm) (fm)

π+ 12C at 800 MeV/c

1 13.106 1.40 0.5260 68.328 0.9096 0.4711 1.013
2 15.2656 1.20 0.3660 92.978 0.8118 0.4938 5.29
3 28.654 1.00 0.5214 111.188 0.7590 0.5250 3.92
4 32.211 0.952 0.5554 130.71 0.7174 0.5427 3.95
5 −6.475 1.10 0.3130 112.625 0.7673 0.5362 4.99

π+ 40Ca at 800 MeV/c

1 11.054 1.2862 0.3123 48.246 1.033 0.5244 3.14
2 12.774 1.2790 0.4000 52.761 1.0292 0.5405 4.21
3 −36.00 1.00 0.500 42.819 1.1178 0.5333 2.24
4 −15.943 1.102 0.4621 43.198 1.0579 0.5855 3.99
5 −11.078 1.0779 0.4415 65.262 1.0063 0.6100 3.15

π+ 208Pb at 790 MeV/c

1 −12.194 1.00 0.3020 298.783 0.8029 0.9035 3.15
2 −2.396 1.200 0.500 62.125 1.0828 0.7097 3.14
3 −3.521 1.00 0.5570 156.60 0.923 0.8488 2.97
4 −5.176 0.937 0.543 235.818 0.8458 0.8885 3.08
5 −6.90 0.815 0.5570 614.409 0.6677 0.9407 3.18
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In searching for the parameters, we first kept the radius parameters ri as 0.9 or
1.0 fm and the diffuseness ai as 0.4 or 0.5 fm. When we could not get good fits to
the data with these fixed parameters, we let them vary. We tried to find attractive
(absorptive) potentials for the real (imaginary) part at all energies. It was possible
to find attractive real potentials at 800 MeV/c for 12C and 40Ca, but repulsive real
potentials were obtained at 790 MeV/c for 208Pb. Satchler also obtained a repulsive
Woods-Saxon potential for π± − 208Pb scattering at 291 MeV. In both 12C and
40Ca at 800 MeV/c, the cross sections calculated with attractive real potentials are
indistinguishable from the ones calculated with repulsive real potentials. In all cases
under consideration, the imaginary part of the potential is found to be absorptive.

There is a well known ambiguity in determining the optical potential parameters
[1, 11]. Due to the stronger absorption taking place in the nuclear surface region,
different potentials can often fit the elastic scattering data equally well as long as
they have similar values near the surface region. Such ambiguities are well known
for other projectiles and have been noted for pions as well [1, 11].

Actually, we found that when we used only the differential elastic cross sections
as the data to be fitted, the extracted potential parameters could not always re-
produce the experimental reaction (σR) cross sections. However, when we included
in the fitting σR as the data to be reproduced in addition to the differential cross
section, the resulting potential parameters reproduced all cross sections quite well
as shown in Fig. 1, with typical results for the parameters listed in Table 1.
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Fig. 1. Data for differential
elastic cross section scatter-
ing at about 800 MeV/c π+

from 12C, 40Ca and 208Pb
Refs. [12, 13], compared with
five curves computed with
the WS local optical model
parameter sets of Table 1.
The solid curves show the
predictions using set 1, dot-
ted curves use set 2, dashed
curves use set 3, dot-dashed
curves use set 4, and dash-two
dotted curves use set 5. In
case of 208Pb the dotted, dot-
dashed, and dash-two dotted
curves coincide with the solid
one.
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For the inelastic π+ scattering, the collective model of 12C nucleus is considered
here. The radial parts of the reaction potential are taken as the first derivative of the
elastic potential given by Eq. (5), which produces good fits to the experimental
elastic scattering data multiplied by a deformation parameter βl, where l is the
angular momentum transfer. βl is decomposed into βreal and βimag multiplied,
respectively, by the real and imaginary parts of the reaction potential.

2.3. Elastic scattering calculations

In each case under consideration, many sets of parameters producing acceptable
fits to experimental data are found with an attractive or a repulsive real potential
and various values of χ2. The imaginary potentials are always absorptive. This
means that in any case the π+ are absorbed by target nuclei at the considered en-
ergy. Only five of these sets for each target nucleus at certain incident momenta are
given in Table 1. These given sets are selected according to the lowest minimum val-
ues of χ2, prediction of the most reasonable fits to the inelastic scattering data and
production of the nearest reaction cross sections σR to those found experimentally
[12].

Figure 1 shows the angular distributions for π+ elastic scattering differential
cross sections from 12C and 40Ca at 800 MeV/c, and 208Pb at 790 MeV/c calculated
by Hi-optim 94.2 code [9], using the five sets of potential given in Table 1 compared
to the experimental data [12, 13]. In Fig. 1, the solid curves show the predictions
using set 1, dotted curves use set 2, dashed curves use set 3, dot-dashed curves
use set 4, and dash-two dotted curves use set 5. The solid circles represent the
experimental data [12, 13]. This figure shows for all cases considered here reasonable
agreements between measured differential cross sections and those calculated with
optical potential parameters given in Table 1.

Table 2 shows the predictions of the computer Hi-optim 94.2 code used in the
present work for the partial-wave angular momentum L1/2 corresponding to the
strong absorption radius D. Predictions of that program for the real JR and imag-
inary JI volume integrals per nucleon of the target nucleus, the real Re VN (D) and
Im VN (D) nuclear parts of potential at the distance D and the root-mean-square

radii of the real < r2 >
1/2

R and imaginary < r2 >
1/2

I parts of the nuclear potential
are also shown in Table 2. The strong absorption radius D is defined as [1]

ḱ D = [L1/2 (L1/2 + 1) + η2]1/2 + η, η = ZπZT e
2µ/h̄2 ḱ, (7)

where ḱ is the wave number, η is the the Sommerfeld parameter and L1/2 is the

angular momentum for which Re(Sℓ) is equal to 1
2

(S being the matrix describing
the scattering). The values of D calculated by the relation (7) from the optical
parameters obtained in this work are presented in Table 2. In most cases, these
values are the same to better than 1 % for a given nucleus, whatever family or form
of the imaginary potential is used. It is well known that at the strong absorption
radius D the incident particle has a 50 % probability of being absorbed by the
target nucleus.
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TABLE 2. Derived quantities for π+ scattering from 12C, 40Ca, and 208Pb using
parameter sets in Table 1. For definitions of these quantities, see the text.

Set L1/2 D JR JI ReVN (D) ImVN (D) < r2 >
1/2

R < r2 >
1/2

I

(fm) (MeV fm3) (MeV) (MeV) (fm) (fm)

π+ 12C at 800 MeV/c

1 9.097 2.397 155.3 264.2 12.92 51.62 3.16 2.38
2 9.134 2.406 105.8 288.4 15.22 56.52 2.53 2.33
3 9.382 2.468 147.9 316.2 23.12 55.43 2.63 2.37
4 9.572 2.515 155.8 343.8 23.72 75.22 2.67 2.39
5 9.409 2.475 33.89 334.3 −6.25 54.92 2.63 2.37

π+ 40Ca at 800 MeV/c

1 14.9 3.927 88.09 230.9 11.02 36.84 3.60 3.36
2 15.25 4.014 103.2 252.9 12.53 36.71 3.70 3.39
3 15.45 4.065 155.6 254.38 −22.72 34.81 3.24 3.56
4 15.00 3.951 83.49 234.9 −13.86 32.82 3.37 3.54
5 15.79 4.15 56.45 311.3 −8.645 38.52 3.29 3.50

π+ 208Pb at 790 MeV/c

1 30.1 7.84 44.83 751.76 −0.9189 20.90 4.72 4.99
2 28.83 7.529 15.56 316.79 −1.910 29.70 5.81 5.63
3 29.78 7.767 13.72 546.29 −0.601 24.80 5.03 5.28
4 29.98 7.818 16.24 669.995 −0.388 22.80 4.71 5.10
5 30.24 7.883 15.145 1022.12 −0.109 17.60 4.28 4.65

The following features are noted:

1. From Tables 1 and 2, it is seen that both the depth of the real part of the
optical potential VN and the corresponding volume integral per nucleon of the target
nucleus JR decrease with the increase of the mass number of the target nucleus.
This behaviour was also noticed for 3He-nucleus scattering [14]. This potential is
repulsive for 208Pb and for many cases for 40Ca. The imaginary potential is stronger
and absorptive in all cases.

2. From Table 2, it is clear that for each case under consideration L1/2 and D
are approximately constant when using any of the five sets. D and L1/2 increase
as the mass number of the target nucleus increases. The increase of D values as
mass number of the target nucleus increases is consistent with that for elastically
scattered 3He from a variety of nuclei at 25 MeV [14].

3. The optical model calculation also gives reaction cross sections σR, as listed
in Table 3. The WS local optical model gives values of σR very close to those
estimated by Kisslinger local potential [4]. This indicates that the imaginary part
of the optical model used here, which is strongly correlated to σR, is well predicted.
Investigating the elastic scattering of negative pions from 12C at thirteen energies
ranging from 120 to 766 MeV, Hong and Kim [15] found that the following relation
is roughly valid

σT = 1.59πD2,
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TABLE 3. Total and reaction cross sections (in mb) calculated using both WS and
Kisslinger local potentials for 12C, 40Ca, and 208Pb at about 800 MeV/c.

WS cals. Kisslinger cals.

Nucleus Set σR σT σR σT

12C 1 201.2 304.12 232.7 321.18

2 205.9 302.51

3 219.3 308.64

4 229.6 352.87

5 224.5 314.68
40Ca 1 589.5 881.96 613.7 901.32

2 571.6 880.12

3 600.0 874.56

4 605.9 872.74

5 609.8 891.49
208Pb 1 1809.3 3149.5 1850.4 3175.4

2 1799.6 3136.3

3 1839.8 3129.6

4 1817.2 3122.9

5 1820.8 3154.6

with D = rsA
1/3. Here, in case of π+ scattering from 12C, 40Ca, and 208Pb at

about 800 MeV/c and using the mean values of D and σT shown in Tables 2 and 3,
it is found that 1.69 is more suitable than 1.59 and rs=1.071, 1.176, and 1.311 fm
for 12C, 40Ca and 208Pb, respectively.

4. In the case of 12C target, the lightest nucleus considered here, < r2 >
1/2

R
shown in Table 2 is longer than the corresponding strong absorption radius D and

both of them are greater than < r2 >
1/2

I . Also for each set of optical potential

parameters, < r2 >
1/2

R is longer than the corresponding value for nuclear matter

< r2 >
1/2
m given in Ref. [16], while < r2 >

1/2

I shown in Table 2 are approximately

equal to < r2 >
1/2
m of Ref. [16]. The present predictions of < r2 >

1/2

R and < r2 >
1/2

I

shown in Table 2 for 40Ca and 208Pb are shorter than < r2 >
1/2
m of Ref. [16]. This

may suggest that pions start interaction with the lightest nuclei outside the nuclear
matter.

5. The imaginary potentials obtained for these data sets are very ambiguous.
The π+ cross sections could not be reproduced by use a nonabsorptive imaginary
potential (W <0) or a purely real one (W=0). However, the scattering by these
potentials is quite strongly influenced by the imaginary potential. It was found in
the cases studied here that quite good fits to the scattering data could be obtained
with a purely imaginary potential (V=0), as shown by the dashed curves in Fig. 2.
In each case, the Coulomb potential VC is included. As it is expected, the Coulomb
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Fig. 2. As in Fig. 1 but
using only set 1 parameters.
The solid curves represent
the differential elastic scatter-
ing cross sections using the
whole potentials; nuclear and
Coulomb potentials. The dot-
ted curves use the real nuclear
(W=0) and Coulomb poten-
tials. The dashed curves use
the imaginary nuclear (V=0)
and Coulomb potentials. The
dot-dashed curves use the nu-
clear potentials only (VC=0).

potential effect on the predicted differential cross sections increases as the atomic
number of the target nucleus increases. The ripples in the differential cross sections
due to VC=0 in the case of 208Pb, as shown as dot-dashed curves, are much stronger
compared to those in the case of 40Ca, while in the case of 12C these ripples are
quite damped. It can be concluded that the differential cross sections predicted with
the imaginary part of the optical potential plus the Coulomb potential as shown
as dashed curves (V=0) are dominant with respect to the corresponding ones with
W = 0, as shown by the dot curves in Fig. 2.

6. Re VN (D) and Im VN (D) given in Table 2 for all considered cases show that
the drop of the real part of the potential with respect to V for a certain set is much
less than that of the imaginary part with respect to W at the same distance D,
especially for 12C and 40Ca. This behaviour is also reflected by Fig 3.

Also shown in Fig. 3 are the resulting π+ – 12C WS local potentials at 800 MeV/c
pion lab momentum using the five sets. Set 1 of WS optical potential parameters
yield real and imaginary potential around the strong absorption radius D approxi-
mately the same as those predicted by the local Kisslinger potential. They have one
feature in common, the tails of the potentials are almost identical. The agreement
in the interior region is poor. This indicates that this region does not participate
in the scattering mechanism. This result is similar to that of nucleon-nucleus scat-
tering, see e.g. Ref. [17], nucleus-nucleus [18], and pion scattering [1]. From that
figure it is seen that in this case the imaginary part is quite shallow and everywhere
absorptive, while the real part is attractive with sets 1 – 4 and repulsive only with
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Fig. 3. WS local opti-
cal potentials computed
at 800 MeV/c π+ scat-
tered from 12C with
the parameter sets of
Table 1, compared to
the Kisslinger local po-
tential. Left for the
real potential, the full
curves are for the WS
and the dotted curve
for the Kisslinger local
one. Right for the imag-
inary potential, the dot-
ted curves are for the WS
and the solid curve for
the Kisslinger local po-
tential.

set 5. The imaginary part is deeper and rapidly decreasing, while the real part is
shallower and wider. The imaginary parts of these five potentials are approximately
identical in the surface region of 12C. This is reflected by the parameters given in
Table 1. The radial shape of the real and the imaginary parts both follow the
density ρ(r). Previously, it was found that both real and imaginary potentials are
repulsive for K+ – 12C at 300 MeV [Fig. 3.3 of Ref. [19]], while the real potential
was repulsive and the imaginary one was attractive for K+ – 208Pb at 200 and 500
MeV [20].

2.4. Inelastic scattering calculations

Since there are no available data for inelastic scattering from 40Ca and 208Pb
at around 800 MeV/c at the present time, we considered here the case of 12C.
The potential parameter sets listed in Table 1 are used to calculate the inelastic
scattering by the first derivative of the elastic potential given by Eq. (5) multiplied
by a deformation parameter βl where l(=2 or 3) is the multipolarity.

Collective-model calculations are carried out for inelastic scattering to the low-
est 2+ and 3− states of 12C. DWBA calculations are made for π+ at 800 MeV/c
using all potential sets of 12C in Table 1. These sets, in spite of a wide varia-
tion in the parameter values, are found to give comparable and acceptable fits to
the corresponding elastic scattering data. Shown in Fig. 4 are DWBA calculations
using the DWUCK4 program [6] fits to the inelastic angular distribution with the
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Fig. 4. As in Fig. 1 but for
differential inelastic cross sec-
tions at 800 MeV/c π+ Ref.
[13] exciting the 4.44 MeV 2+

and 9.64 MeV 3− states of
12C.

excitation of the (2+; 4.44 MeV) and (3−; 9.64 MeV) states in 12C. These cal-
culations result for (2+; 4.44 MeV) in acceptable fits at scattering angles beyond
θcm ≈ 20◦ and (3−; 9.64 MeV) states beyond θcm ≈ 30◦, respectively, as shown
in Fig. 4. Only set 1 yields approximately good fit with data over the wide available

TABLE 4. Deformation lengths (in fm) for the 4.44 MeV 2+ and 9.64 MeV 3−

states of 12C at 800 MeV/c compared to those predicted by others.

Present Others

State Set WS cals. Kissl. cals.

δreal δimag. δreal δimag. δ Ref.

2+ 1 1.969 1.0829 1.732 1.113 1.0-1.63 [23]

2 1.676 0.9665 0.978-1.725 [24]

3 1.397 0.9036 1.12-1.97 [25]

4 1.329 0.8541

5 1.536 0.9135

3− 1 1.731 0.9788 1.449 1.102 0.955-1.512 [24]

2 1.484 0.8735 0.65-1.23 [25]

3 1.236 0.8167

4 1.177 0.7719

5 1.359 0.8256
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scattering angles with deformation parameters that agree with other studies of 12C
nucleus. Deformation parameters obtained from the present work are βreal=0.61
and βimag=0.52 for the 2+ state, while βreal=0.54 and βimag=0.47 for the 3− state.
Other works [21, 22] gave β2=0.40 to 0.59±0.05 for the 2+ state and β3=0.37 to
0.48 for the 3− state.

To calculate deformation lengths from parameters of Table 1 for both 2+ and
3− states, we used the relations

δreal = βrealrvA
1

3 ,

δimag. = βimag.rwA
1

3 , (8)

where rv and rw are given in Table 1. The resulting deformation lengths are listed
in Table 4 with those estimated by the Kisslinger local potential calculations, and
these values are very similar to those of Refs. [23 – 25].

3. Comparison with local potentials equivalent to the

Kisslinger potential

For the nuclear potential VN in Eq. (1), the Kisslinger form [5] of the potential
has been frequently used, which can be written as

VN =
(h̄c)

2

2ω

{

q(r) + ∇ · α(r)∇

}

. (9)

The quantity q(r) mainly results from the s-wave part and α(r) results from the p-
wave part of the pion-nucleon interaction, q(r) and α(r) can be expressed in terms
of the target-nuclei density distributions and their gradients. Both are complex and
energy dependent and are given in detail in Ref. [4]. Previously, Hong and Kim [15]
used s- and p-waves only to analyze elastic scattering of negative pions from 12C
in the energy range of 120 to 766 MeV.

By rewriting the pion distorted wave function φ(r) in Eq. (1) as

φ(r) = P (r)ψ(r), (10)

with the Perey factor P (r) = [1 − α(r)]−1/2, one can get a Schrödinger equation
for ψ(r), {

−
h̄2

2µ
∇

2 + UL + VC

}

ψ = Ecm ψ , (11)

where µ and Ecm are the same as in Eq. (4). Here, UL is a local potential depending
only on r as follows

UL(r) =
(h̄c)2

2ω

{

q(r)

1 − α(r)
−
k2 α(r)

1 − α(r)
−

1
2
∇2 α(r)

1 − α(r)
−(

1
2
∇α(r)

1 − α(r)
)2
}

+
α(r)VC

1 − α(r)
. (12)

344 FIZIKA B 14 (2005) 4, 333–348



khallaf and ebrahim: phenomenological local potential analysis of π
+

. . .

The second term in the last equation is the Coulomb correction. The pion-nucleon
scattering amplitude depends on complex first- and second-order interaction pa-
rameters. The first-order interaction parameters are related to the free pion-nucleon
scattering parameters through the phase shifts in the form described in Ref. [26]
and the phase shifts are calculated according to Eq. (5) in Ref. [27]. The first-order
interaction parameters are then used to generate the complex local potential UL

in Eq. (12), using the expressions from Ref. [4]. In this work, the second-order
interaction parameters are neglected [28], while these parameters are required only
at lower energies Tπ ≤ 80 MeV and they make no differences in the calculations at
higher energies, so they are here set to be zero [2, 29]. We took the three-parameter
Fermi shape 3PF density distributions of the considered nuclei from Refs. [2, 30].

The real and imaginary parts of UL calculated with Kisslinger local potential
are shown in Fig. 3 as dotted-and-solid curves for the real and imaginary potentials,
respectively, together with those calculated using the WS parameters.

Figure 5 displays the predictions of the differential elastic cross sections of π+

from 12C, 40Ca, and 208Pb using both set 1 of WS of Table 1 and the local Kisslinger
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Fig. 5 (left). Differential elastic cross sections at about 800 MeV/c π+ 12C, 40Ca, and
208Pb Refs. [12, 13], compared to calculations using set 1 parameters of WS local
potential as solid curves and those computed using the Kisslinger local potential as
dashed curves.

Fig. 6. As in Fig. 5, but for differential inelastic of π+ exciting the 4.44 MeV 2+

and 9.64 MeV 3− states of 12C.
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potentials. The two forms for the optical potential models give reasonable agree-
ment with the data of Refs. [12, 13], but the local WS potential predictions as the
solid curves, using set 1 parameters, seem to be better for all nuclei considered in
the present work. It was concluded in Ref. [27] that the disagreement between the
data and the local Kisslinger potential calculations at high energies refer to the
parameters used to calculate the pion-nucleon phase shifts. These parameters are
not adequate for higher pion energies and that may seriously affect the results of
calculations.

Also shown in Fig. 6 are the inelastic scattering data for the 2+ and 3− states
in 12C at 4.44 and 9.64 MeV, respectively, compared with both types of optical
potentials. Those were calculated using the πN phase shifts and local Kisslinger
potential, shown as dotted curves, and the set 1 of phenomenological potentials of
Table 1 as solid curves. They yield reasonable agreement with the data, but the
WS calculations are still in a better agreement as they do for elastic scattering.

The DWUCK4 code [6] using the present first-order local optical potential cal-
culates the reaction cross sections σR for positive pions on 12C, 40Ca, and 208Pb
at about 800 MeV/c. Following the same procedure, the total cross section σT is
calculated according to the well known relation [24]

σT =
2π

ḱ2

∑

L

(2L + 1) [1 − ReSL] , (13)

where SL is the projectile-nucleus non-Coulomb amplitude. The results of the total
and reaction cross section calculated with both types of local potentials are shown
in Table 3. Comparing the present results for the total cross section σT in the case
of 40Ca shown in Table 3 to our previous results given in Table IV of Ref. [3] for the
same quantity but at lower energies, it is clear that σT for pion scattering at 800
MeV/c is smaller than σT at 116, 180, and 292.5 MeV. This means that the mean
free path λ of pions in the resonance region is shorter than λ at higher energies.

The resulting deformation lengths from the Kisslinger potentials determined
by visually adjusting the calculations to reproduce the data are listed in Tables 4
compared to those obtained from WS calculations using parameter sets given in
Table 1. Deformation lengths determined here using both types of potentials are
very similar to those obtained from Refs. [23 – 25].

4. Conclusion

We assumed the Woods-Saxon form of phenomenological local potentials in solv-
ing a Schrödinger equation reduced from the Klein-Gordon equation and searched
for the potential parameters of π+ scattering on nuclei. The calculated cross sec-
tions reproduced the experimental data quite well for the considered nuclei. The
imaginary parts of the five sets are identical in the outer nuclear surface region.
Table 1 shows that at higher energies the real part of the phenomenological local
potential becomes much smaller than the imaginary part.
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Angular distributions of π+ elastically scattered from 12C, 40Ca, and 208Pb at
about 800 MeV/c pion lab momentum are well reproduced by a six-parameter op-
tical model using the Woods-Saxon shape for both the real and imaginary parts
of the potential. The strong absorption radius and σR are found to be quite sta-
ble over a wide range of parameters. Elastic scattering calculations based on the
Kisslinger local potentials are in a good agreement with data and found to be nearly
indistinguishable from those of WS potentials, as shown in Fig. 5.

Angular distributions for pion inelastic scattering from 12C have been studied
at 800 MeV/c. The data are analysed using a collective model and the DWBA
with two types of local potentials, one being a phenomenological whose parame-
ters are determined by fitting the elastic scattering angular distributions, and the
other using strengths determined from free πN phase-shift Kisslinger potential. The
deformation lengths and parameters determined from the present analysis are in
agreement with deformations determined using other probes. This collective model
analysis is successful in its description of the reaction dynamics and the structure
of the collective, N = Z nucleus.

We again stress that the phenomenological local potentials obtained here are
not necessarily unique, but this simple local potential model seems to be a useful
one for π+ – nucleus scattering without recourse to the complexities of the non-local
interaction. These parameters allow others to use local zero-range optical potentials
for a range of reactions involving pions.

In general, it can be concluded from this work and from other works [1 – 3,11,15]
that local potentials describe well the scattering of pions from nuclei.
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FENOMENOLOŠKA ANALIZA S LOKALNIM POTENCIJALOM
RASPRŠENJA π+

Izračunali smo udarne presjeke za raspršenje π+-jezgra kao rješenja Schrödingerove
jednadžbe koju smo izveli iz Klein-Gordononove jednadžbe. Primijenili smo lokalne
potencijale, a parametre fenomenološkog potencijala smo odredili u ovisnosti o en-
ergiji za raspršenje π+ na 12C, 40Ca i 208Pb, tražeći sklad ne samo s elastičnim
diferencijalnim udarnim presjecima, već i s totalnim i reakcijskim udarnim pres-
jecima za pione s laboratorijskim impulsom 800 MeV/c. Primijenili smo kolektivni
model za računanje kutne ovisnosti neelastičnih diferencijalnih udarnih presjeka za
najniža 2+ i 3− stanja 12C. Izveli smo parametre i duljine deformacije koje uspored
–ujemo s odgovarajućim vrijednostima drugih radova. Lokalni potencijali dobro
opisuju raspršenje piona u jezgrama.
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