Printed ISSN 1330–0016 Online ISSN 1333–9133 CD ISSN 1333–8390 CODEN FIZBE7

LETTER TO THE EDITOR

ACCELERATED EXPANSION OF A CLOSED UNIVERSE

RAMI AHMAD EL-NABULSI

Department of Nuclear and Energy Engineering, Cheju National University, Ara- Dong 1, Jeju 690-756, South Korea E-mail address: nabulsiahmadrami@yahoo.fr

Received 28 March 2007; Accepted 17 October 2007 Online 15 February 2008

A novel formulation of an accelerated expansion of a closed universe in which the cosmological constant decays like Λ = (β/t)(ȧ/a), where β is a positive parameter and a(t) is the scale factor, is presented and discussed in some details. The phenomenological decaying law is motivated from the fractional action-like variational approach (or fractionally differentiated Lagrangian function (FDLF)) recently introduced by the author.

PACS numbers: 04.50.+h, 98.80.Es, 95.36.+x UDC 524.83

Keywords: FDLF, accelerated expansion, decaying cosmological constant, increasing gravitational constant, bulk viscous stress

1. Introduction

It is widely believed today that our universe is asymptotically flat, matter dominated and undergoes a phase of an accelerated expansion due to the presence of a mysterious dark energy. This fact is based on the recent available astronomical observations of the dynamics of galaxies, clusters of galaxies, of luminosity distances of the Type Ia supernovae (SNIa) as a function of redshift with redshifts z > 0.35, the first acoustic peak of the CMB temperature fluctuations or anisotropies and the recent findings of BOOMERANG experiments [1 – 4]. One of the main features of the dark energy is the violation of the strong energy condition ρ + 3p ≥ 0; ρ and p are the density and pressure of the perfect fluid. Questions still linger about the nature of dark matter, especially its distribution in central region of clusters and galaxies. In summary, the assumption of the flat model with a positive cosmological constant is in good agreement with the observations.

A large number of theoretical and phenomenological competitive models, ranging from a positive cosmological constant to scalar field theories, have been presented to account for the gravitational effects of the dark energy including the cosmological constant Λ with the equation of state p_Λ = −ρ_Λ = −Λ, which is considered to be a strictly constant energy density inherent in empty spacetime [5]. Most of these theories are accompanied with problems and many difficulties, and we still ignore which of these models are the most viable or more realistic. We are grappled with deep cosmological enigmas and many unsolved problems. In this work, a modified Friedmann-Robertson-Walker (FRW) cosmology is discussed, in which the cosmological constant decays with the phenomenological law Λ = (β/t)(ȧ/a), where β is a positive parameter and a(t) is the scale factor of the universe. The chosen phenomenological law is in fact based on the fraction action-like variational approach (FALVA) of fractionally differentiated Lagrangian function (FDLF), introduced in 2005 by the author to model nonconservative and weak decaying classical and quantum dynamical systems. The fractional time integral introduces only one fractional parameter, α > 0, while in other models an arbitrary number of fractional parameters (orders of derivatives) appear [6 – 12]. The standard functional action S is replaced by a fractional functional integral action S_{α>0} revealing interesting features. It is in fact defined as follows

S_{α>0} [q] = 1 Γ (α) t∫ t_0

L (q̇ (τ) , q (τ) , τ) (t − τ)^{α−1} dτ

= t∫ t_0=0

L (q̇, q, τ) τdg_t (τ) , [t_0, t_1] ∈ R ,

where L (q̇, q, τ) is the Lagrangian weighted with (t − τ)^{α−1} /Γ(α) and Γ(1 + α)g_t(τ) = t^α − (t − τ)^α, with the scaling properties g_{μt}(μτ) = μ^αg_t(τ), μ > 0. In reality, we consider a smooth action integral (a time smeared measure dg_t(τ) on the time interval [0, t] ∈ R^+), which can be rewritten as the strictly singular Riemann-Liouville type fractional derivative Lagrangian

S_{β∈(0,1)} [q] = D^{−1+β}_t L (q̇ (t) , q (t) , t)

= t∫ 0 L (q̇ (t) , q (t) , t) dτ (t − τ)^β β→0 → t∫ 0 L (q̇ (t) , q (t) , t) dτ,

and thereby retrieved the standard action integral or functional integral. In this work, we have β = 1 − α, α ∈ (0, 1). Such type of functionals is known in mathematical economy, describing, for instance, the so called “discounting” economical dynamics. The resulting modified Euler-Lagrange equation and fractional Hamiltonian canonical equations were derived, and it was proved to have important cosmological consequences in agreement with recent astronomical observations [13 – 14]. Within the framework of the FDLF formalism, the gravity is perturbed and the dynamical equations result in a decaying cosmological constant (considered as a time-decaying friction), depending on the fractional parameter α, and decays like Λ ∝ (1/t)(ȧ/a). Motivated by the results obtained in our previous work, we will discuss in this paper the Friedmann-Robertson-Walker cosmology with normal action considered, i.e., α = 1, where the cosmological constant is replaced by the phenomenological friction-like law Λ(t) = (β/t)(ȧ/a), and β is a positive parameter.

2. Modified FRW cosmology with friction lambda

We consider the standard FRW metric modelled by the metric

ds^2 = dt^2 − a^2 (t) [ dr^2 1 − kr^2

+ r^2 ( dθ^2 + sin^2 θdϕ^2 )] , (1)

where k = 0, ±1 is the curvature parameter of the spatial sections (CPSS) in the standard case and r, θ and ϕ are dimensionless commoving coordinates. In the presence of the friction cosmological constant, the Friedmann dynamical equations are written as follows [15]

ȧ^2 a^2 + k a^2 = 8πGρ 3 + β 3t ȧ a , (2) ä a = − 4πGρ (1 + 3γ) 3 + β 3t ȧ a , (3)

where the equation of state p = γρ (γ is a real parameter) is assumed. Moreover, we will assume that the fluid density decays like ρ = 3δ/(8πGa^2), where δ is a positive parameter [16 – 25]. Here G is the gravitational constant. Consequently, Eqs. (2) and (3) give ȧ^2 a^2 + k − δ a^2 = β 3t ȧ a , (4) ä a = − δ (1 + 3γ) 2a^2 + β 3t ȧ a , (5)

An important consequence arises from Eq. (4) if k = δ, the scale factor evolves as a ∝ t^{β/3} (the solution a = constant is not acceptable). Replacing into Eq. (5) gives β 3t^2 = δ(1 + 3γ) 2t^{2β/3}

, (6) yielding β = 3 ( a ∝ t ) and δ (1 + 3γ) = 1. For δ = 1, γ = 0 (matter era), while for δ = 1/3, γ = 1/2 (radiation era). This is interesting because it gives a universe expanding linearly with time in a closed spacetime in which the cosmological constant decays and the fluid density decays as ∝ t^{−2}.

In addition, we have more matter in the matter epoch than in the radiation one. For k /= δ, Eqs. (4) and (5) give ä a − δ (1 + 3γ) 2 (k − δ) ȧ^2 a^2 = − ( δ (1 + 3γ) 2 (k − δ) − 1 ) β 3t ȧ a . (7)

If δ (1 + 3γ) = 2 (k − δ), then the solution of Eq. (7) is a = e^{Ht}, where H ≡ ȧ/a is the Hubble parameter. This results in rapid decays of the energy densities and the cosmological constant, leaving no time for galaxy formation. If, in contrast, γ = −1/3 (p = −ρ/3), then k = δ > 0 and consequently, the scale factor evolves as a ∝ t^m, m = 1 + (β/3) > 1 and this corresponds to an accelerated expansion in a closed spacetime. The cosmological constant is positive and decays like Λ ∝ t^{−2}, while the fluid energy density decays like ρ ∝ t^{−2m} and, consequently, the fluid pressure tends to zero. In other words, the universe at the end of time is empty but closed. More generally, we will consider the following three solutions.

a)-Matter-dominated epoch

This corresponds to γ = 0. Equation (7) is then written like ä a − δ 2 (k − δ) ȧ^2 a^2 = − ( δ 2 (k − δ) − 1 ) β 3t ȧ a , (8)

which can be solved to give a ∝ t^r, where r = 3 (2 (k − δ)) − β (3δ − 2k) 3 (2k − 3δ)

. (9)

Note that for k = 0 (flat spacetime), r = (2 + β)/3 > 1 if β > 1. Consequently, the cosmological constant is positive and decays like Λ ∝ t^{−2} (Λ = βH^2/r = 3βH^2/(2 + β)), while the fluid density decays like ρ ∝ t^{−2r}. The vacuum energy density is then given by

ρ_Λ ≡ Λ 8πG = βr 8πGt^2 = β (2 + β) 24πGt^2

. (10)

As for the density parameter of the universe and the density parameter due to the vacuum contribution, they are defined, respectively, as

Ω^{matter} ≡ ρ ρ_c = δ t^{2r}H^2 = δ p^2t^{2(r−1)}

, (11)

Ω^Λ ≡ Λ 3H^2 = β 2 + β

, (12)

where ρ_c = 3H^2/(8πG) is the critical energy density of the universe. Note that for r > 1, which corresponds to an accelerated expansion, Ω^{matter} → 0, while for r = 1, Ω^{matter} → δ/p^2. That is, for r > 1, the accelerated expansion is dominated by the vacuum energy. Thus for β = 3r, Ω^{total} = Ω^{matter} + Ω^Λ → 1, as favoured by the inflationary scenario. In order to calculate the rate of particle creation (annihilation), we define

n_p = 1 a^3 d ( ρa^3 ) dt | | | p = 1 8πG βr t^3 = β δt^{2(1−β)/3} ρ_pH_p , (13)

where we have used the continuity equation d(ρa^3)/dt = −(a^3/(8πG))(dΛ/dt) for a constant G. Note that for r > 1, n_p increases with time, and for p < 1, n_p decreases with time. For r = 1 and β = δ = 1, n_p = ρ_pH_p, less than that of the steady state model (= 3n_pH_p) [15].

b)Radiation-dominated epoch

This is characterized by the equation of state p = ρ/3, or γ = 1/3. The solution of Eq. (7) is then a ∝ t^q, where q = 3 (k − δ) + β (k − 2δ) 3 (k − 2δ)

. (14)

Note that for k = 0, q = (3+2β)/6 > 1 for β > 3/2 and consequently, for this value of β, the expansion of the universe accelerates faster in the matter epoch than in the radiation one. Consequently, the cosmological constant is positive and decays like Λ ∝ t^{−2} (Λ = βH^2/q = 6βH^2/(3 + 2β)), while the fluid density decays like ρ ∝ t^{−2q}. The vacuum energy density decays like

ρ_Λ ≡ Λ 8πG = βq 8πGt^2 = β (3 + 2β) 48πGt^2

. (15)

c)-Inflationary era

This epoch corresponds to p = −ρ, or γ = −1. This yields the following differential equation ä a + δ k − δ ȧ^2 a^2 = ( k k − δ ) β 3t ȧ a . (16)

A possible solution is given by a ∝ t^n, where n = kβ + 3 (k − δ) 3k , (17) with n > 1 for kβ > 3δ. As the time grows up, the RHS of Eq. (16) tends to zero and n ≃ (k − δ)/k < 1. That is, the Universe expansion in the closed spacetime decreases with time. Note that for k = 0, the solution is given by a ∝ e^{Ht}, which corresponds to the inflation case.

3. Time-varying gravitational constant

We now discuss the case when the gravitational constant varies. The continuity equations are ρ̇ + 3H(γ + 1)ρ = 0 and Λ̇ + 8πĠρ = 0 [16]. The first differential equation gives

(3γ + 1) ȧ a = Ġ G , (18)

while the second differential equation gives β ( − 1 t^2 ȧ a + 1 t ( 2 (k − δ) − δ (1 + 3γ) 2a^2 )) + 3δ a^2 Ġ G = 0 . (19)

Assuming the power-law behaviour a ∝ t^y and G ∝ t^x, Eqs. (18) and (19) give (3γ + 1)y = x with y = 1 in order to obtain a consistent solution with x = 3γ + 1 and (6 − β)δx = β(2 − 2(k − δ)). Thus for γ = 0 and k = 0, x = 1 and (6 − β)δ = β(2−2(k−δ)). From Eq. (4) we obtain the quadratic equation δ^2+δ−1 = 0 and thus δ_+ = (−1 + √ 5)/2 ≈ 0.6, and consequently for k = δ, β ≈ 1.38. The fluid density then decays like ρ ∝ t^{−3}, while the cosmological constant decays like Λ ∝ t^{−2}. In conclusion, the flat universe expands linearly with time as a power-law and is filled with a fluid whose equation of state is given by p = 0, and where the gravitational constant increases linearly with time. The interesting feature of this model is that all its parameters are determined through the theory itself. Moreover, for γ = 1/3 (radiation-dominated epoch), x = 2, and thus the gravitational constant increases as G ∝ t^2, while the fluid density decays like ρ ∝ t^{−4} or ρ ∝ a^{−4}, as it is expected. Thus the gravitational constant passes from G ∝ t^2 → G ∝ t, while the universe expands as a ∝ t. It is worth mentioning that for k = δ and γ = −1/3, Eq. (19) gives a = ±t with β = 3δ for a non-constant scale factor a. Thus, an increasing gravitational constant with decaying vacuum and fluid densities may occur in a closed linearly expanding spacetime. Note that a = −t is also a possible solution to the problem and such type of solution appears in pre-Big-Bang cosmology [26]. The presence of the bulk viscous stress term Π may also be taken into account when we deal with dissipative effects on the evolution of the Universe [27]. That is, the pressure term is modified and p → p + Π. In this case, the first continuity equation is written as ρ̇ + 3H(γ + 1)ρ = −3ΠH, and in order to have a consistent solution, one may choose −8πΠ ∝ t^{−2y−x}, so that −δ (x − 2y) + 3δy(γ + 1) = y. For γ = 0 (matter epoch), (5δ −1)y = δx, while for γ = 1/3 (radiation epoch), (6δ −1)y = δx. From Eq. (19), y = 1; thus 5δ − 1 = δx and β(2k − 3δ − 2) = −6δx for the matter epoch. Taking 2k = 3δ yields β = 3δx, and consequently, −8πΠ ∝ t^{−2−β/3δ}.

Finally, for γ = 1/3 (radiation epoch), 6δ − 1 = δx and β(k − 2δ − 1) = −3δx. Taking k = 2δ, β = δx, we obtain again −8πΠ ∝ t^{−2−β/3δ}. It is interesting to have a CPSS and, consequently, a varying topology of the universe evolving from the radiation dominated epoch to the radiation (? matter) dominated one. If in contrast 2k = 3δ, i.e., the CPSS is unchanged during the cosmic evolution, than β(δ + 2) = 6δx and −8πΠ ∝ t^{−2−β(δ+2)/6δ} and thus Π decays more rapidly in the matter-dominated epoch than in the radiation one.

4. Conclusions

While a vast literature exists that addresses the observational fact of the current expansion and evolution of the universe, we are not aware of models similar to the one developed in this paper. We have shown in this work that the modified FRW cosmology with decaying friction-like cosmological constant, motivated from the fractionally differentiated Lagrangian function formalism, has important and interesting consequences in describing the evolution of the universe. One may attribute the accelerated expansion of the universe to the decay of the cosmological constant in its special law Λ(t) = (β/t)(ȧ/a). The class of solutions obtained in this work, which corresponds to a closed spacetime, is totally appealing, since this type of solution appears in string theory [28]. This model is a radical alternative to the standard big-bang/inflationary theory. Further details and consequences are in progress.

References

[1] V. Sahni, Lect. Notes Phys. 653 (2004) 141. [2] S. Perlmutter, Astrophys. J. 517 (1999) 565. [3] A. G. Riess et al., Astron. J. 116 (1998) 1009. [4] P. de Bernardis, Nature 377 (2000) 600.

[5] R. A. El-Nabulsi, Fizika B (Zagreb) 15, 4 (2006) 157 and references therein. [6] R. A. El-Nabulsi, Fizika A (Zagreb) 14, 4 (2005) 289. [7] R. A. El-Nabulsi, Int. J. Appl. Math. 17, No 3 (2005) 299.

[8] R. A. El-Nabulsi, Int. J. Appl. Math. & Statistics 5, S06 (2006) 50 (Special issue dedicated to Prof. Jagannath Mazumdar).

[9] R. A. El-Nabulsi, Rom. J. Phys. 52, Nos. 3-4 (2007) 441.

[10] R. A. El-Nabulsi and D. F. M. Torres, Math. Methods in Appl. Science, Wiley, 30, 15 (2007) 1931.

[11] R. A. El-Nabulsi, I. A. Dzenite and D. F. M. Torres, Scientific Proc. Riga Tech. Univ., 48^{th} Int. Thematic Issue: Boundary Field Theory and Computer Simulation, Vol. 29 (2006) 189.

[12] R. A. El-Nabulsi, EJTP 4, 15 (2007) 157. [13] R. A. El-Nabulsi, Rom. Rep. Phys. 59, 3 (2007) 759. [14] R. A. El-Nabulsi, to appear in Rom. Rep. Phys.

[15] S. Weinberg, Gravitation and Cosmology, Wiley (1972).

[16] A. I. Arbab, Class. Quant. Grav. 20 (2003) 83; gr-qc/9906045; Gen. Rel. Gravit. 29 (1997) 61.

[17] J. M. Overdin and F. I. Cooperstock, Phys. Rev. D 58 (1998) 043506. [18] A. S. Al-Rawaf, Mod. Phys. Lett. A 13 (1998) 429. [19] A. S. Lima, Phys. Rev. D 54 (1996) 2571.

[20] J. L. Lopez and D. V. Nanopoulos, Mod. Phys. Lett. A 11 (1996) 1. [21] M. Ozer. and M. O. Taha, Phys. Lett. B 171 (1986) 363. [22] A.-M. M. Abdel-Rahman, Phys. Rev. D 45 (1992) 3497. [23] A. Abdusattar and R. G. Vishwakarma, Class. Quant. Grav. 14 (1997) 945. [24] W. Chen and Y.-S. Wu, Phys. Rev. D 41 (1990) 695.

[25] J. C .Carvalho, J. A. S. Lima and I. Waga, Phys. Rev. D 46 (1992) 2404. [26] M. Gasperini and G. Veneziano, Mod. Phys. Lett. A 8 (1993) 3701. [27] A. I. Arbab and A. Beesham, gr-qc/9811063.

[28] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D 64 (2001) 123522.

UBRZANO ŠIRENJE ZATVORENOG SVEMIRA

Predstavljamo i podrobno raspravljamo novu formulaciju ubrzanog širenja zatvorenog svemira, u kojoj kozmološka konstanta opada kao Λ = (β/t)(ȧ/a), gdje je β pozitivan parametar a a(t) mjerni množitelj. Ta fenomenološka postavka podstaknuta je nedavno uvedenim frakcijskim činidbenim varijacijskim pristupom (odn. frakcijski diferenciranom Lagrangeovom funkcijom (FDLF)).