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1. Introduction

Lyra [1] proposed a modification of the Riemannian geometry by introducing a
gauge function into the structureless manifold, as a result of which the cosmological
constant arises naturally from the geometry. This bears a remarkable resemblance
to Weyl’s [2] geometry. In subsequent investigations, Sen [3] and Sen and Dunn [4]
formulated a new scalar-tensor theory of gravitation and constructed an anologue
of the Einstein field equations based on Lyra’s geometry. Halford [5] has shown that
the scalar-tensor treatment based on Lyra’s geometry predicts the same effects as
in general relativity.

Several authors studied cosmological models within the framework of Lyra’s ge-
ometry with a constant gauge vector in the time direction. Halford [6], Bhamra [7],
Kalyanshetti and Waghmode [8], Reddy and Innaiah [9], Reddy and Venkateswarlu
[10] are some of the authors who investigated various aspects of the four-dimensional
cosmological models in Lyra’s manifold. Beesham [11] considered FRW models
with a time-dependent field. Singh and Singh [12 – 14] presented Bianchi typeI and
III and Kantowaski-Sach cosmological models with a time-dependent displacement
field and made a comparative study of the Robertson-Walker models with a con-
stant deceleration parameter based on Lyra’s geometry.

Pradhan and Pandey [15] and Rahaman et al. [16, 17] studied some topolog-
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ical defects within the framework of Lyra’s geometry. Bhowmik and Rajput [18]
obtained anisotropic Bianchi type cosmological models on the basis of the Lyra’s
geometry. Recently Reddy [19] examined the plane-symmetric cosmic strings in
Lyra manifold. Adhav et al. [20] studied string cosmology in Brans-Dicke theory
for Kasner-type metric.

The massless scalar field has an important role in the study of cosmological
models. The massless scalar field in relativistic mechanics yields some significant
results regarding both the singularities involved and the Mach’s principle. Panigrahi
and Sahu [21] studied micro- and macro-cosmological models in the presence of
massless scalar-field interacting with a perfect fluid. Mohanty et al. [22] and Adhav
et al. [23] studied the exact Bianchi type-I cosmological micromodel in modified
theory of general relativity.

In this paper, we study the Bianchi type-I cosmological model in Lyra’s manifold
assuming a massless scalar field as the source of gravitational field.

2. Field equations and the cosmological model

We consider the Bianchi type-I metric

ds2 = dt2 −A2dx2 −B2dy2 − C2dz2 , (1)

where A, B and C are functions of t only. This ensures that the model is spatially
homogeneous.

The relativistic field equations in normal gauge in Lyra’s manifold, as obtained
by Sen [3] for a massless scalar field, read as

Rij −
1

2
gijR+

3

2
φiφj −

3

4
gijφkφ

k = −8πTij , (2)

where φi is the time-dependant Lyra’s displacement vector and the other symbols
have their usual meaning as in Riemannian geometry. We have

φi =
(

0, 0, 0, β
)

. (3)

The energy momentum tensor for massless scalar field distribution is given by

Tij = V,iV,j −
1

2
gijVkV

k, (4)

together with

gijV
iV j = 1 . (5)

In addition to above, the massless scalar field V satisfies the Klein-Gordon wave
equation

gijV;ij = 0 . (6)
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Here the semicolon (;) denotes covariant differentiation. Now, with the help of
Eqs. (4) and (5), the field Eqs. (2) and Eq. (6) for the metric (1) can be written as

B44

B
+

C44

C
+

B4C4

BC
+

3

4
β2 = −4πV 2

4 , (7)

A44

A
+

C44

C
+

A4C4

AC
+

3

4
β2 = −4πV 2

4 , (8)

A44

A
+

B44

B
+

A4B4

AB
+

3

4
β2 = −4πV 2

4 , (9)

A4B4

AB
+

A4C4

AC
+

B4C4

BC
−

3

4
β2 = 4πV 2

4 , (10)

(

A4

A
+

B4

B
+

C4

C

)

V4 + V44 = 0 . (11)

The suffix ‘4’ after A, B and C denotes ordinary differentiation w.r. to t. Adding
Eqs. (7), (8) and (9) to 3-times Eq. (10), we get

(

ABC
)

44

ABC
= 0 ,

which implies that
(

ABC
)

44
= 0 . (12)

Since A, B and C are non-zero, simple integration of Eq. (12) yields

ABC = at+ b , (13)

where a and b are constants of integration. Further, (Kasner [24], Brevik and
Pettersen [25], Cataldo et al. [26]) Eq. (13) can be written in the following explicit
form

A = A0(at+ b)P1 , B = B0(at+ b)P2 , C = C0(at+ b)P3 , (14)

where the constants of integration P1, P2 and P3, and A0, B0 and C0 satisfy

P1 + P2 + P3 = 1, P 2
1 + P 2

2 + P 2
3 = 1, A0B0C0 = 1 . (15)

With the help of Eq. (14), equation Eq. (1) becomes

ds2 = dt2 −A2
0(at+ b)2P1dx2 −B2

0(at+ b)2P2dy2 − C2
0 (at+ b)2P3dz2. (16)
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The metric can be transformed through a proper choice of coordinates into the
form

ds2 = dT 2 − T 2P1dX2 − T 2P2dY 2 − T 2P3dZ2, (17)

which is Bianchi type-I metric of the Kasner form. With the help of Eqs. (13) and
(14), Eq. (11) reduces to

V =
V0

a
log(at+ b) , (18)

where V0 is a constant of integration. Hence we get

β2 =
4

3

[

a2(P1P2 + P1P3 + P2P3)− 4πV 2
0

(at+ b)2

]

. (19)

3. Some physical properties

The model (17) represents an exact cosmological model in Lyra’s manifold when
the source of gravitational field is a massless scalar field. The massless scalar field
V is given by Eq. (18). The physical and kinematical parameters for the model (17)
are

spatial volume =
√
−g = T , (20)

expansion scalar θ =
a

3T
, (21)

shear scalar σ2 =
1

2
σijσ

ij =
a2

162T 2
, (22)

rotation tensor ωij =
1

2

[

gi4,j − gj4,i
]

, (23)

ω2 =
1

2
ωijω

ij = 0 . (24)

The deceleration parameter q is given by (Feinstein et al. [27])

q = −3θ−2

[

θ;αU
α +

1

3
θ2
]

,

q = 8 > 0 . (25)

In this model, the spatial volume tends to infinity and the expansion scalar
θ and shear scalar σ tend to zero as T → ∞. Also, since limT→∞(σ/θ) /=0, the
model does not approach isotropy for large value of T . The positive value of the
deceleration parameter indicates that the model decelerates in the standard way.
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4. Conclusion

In this paper, we have obtained Bianchi type-I cosmological model in the frame-
work of Lyra’s geometry, assuming a massless scalar field as the source of gravi-
tational field. It is observed that the model is expanding, shearing, non-rotating
and has no initial singularity. Our model throws some light on the understanding
of structure formation of the universe in Lyra’s manifold.
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BIANCHIJEV KOZMOLOŠKI MODEL TIPA I U LYRINOJ
MNOGOSTRUKOSTI

Razvili smo Bianchijev kozmološki model tipa I u Lyrinoj mnogostrukosti kada je
izvor gravitacijskog polja bezmaseno skalarno polje. Raspravljaju se neka fizička i
geometrijska svojstva modela.
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