Printed ISSN 1330–0016 Online ISSN 1333–9133 CD ISSN 1333–8390 CODEN FIZBE7

KANTOWSKI-SACHS COSMOLOGICAL MODELS WITH TIME-VARYING G AND Λ

R. K. TIWARI and U. DWIVEDI

Department of Mathematics, Government Model Science College, Rewa (M. P.) India

Received 21 February 2009 Accepted 27 January 2010 Online 19 March 2010

Kantowski-Sachs cosmological models with perfect fluid and time varying G and Λ are presented. Exact solutions of the field equations are obtained by using the scalar of expansion proportional to the shear scalar θ ∝ σ, which leads to a relation between the metric potentials A = B^n, where n is a constant. The corresponding physical interpretation of the cosmological solutions are also discussed.

PACS numbers: 04.20.Jb, 98.80Cq UDC 524.83

Keywords: cosmology, varying G and Λ, Kantowski-Sachs model

1. Introduction

In the Einstein theory of gravity, the Newtonian ‘constant’ G and cosmological ‘constant’ Λ are considered as fundamental constants. The gravitational ‘constant’ G plays the role of coupling constant between geometry of space and matter in the Einstein field equations. In an evolving universe, it appears natural to look at this constant as a function of time. Dirac [1] suggested a time-varying gravitational constant. The large-number hypothesis (LNH) proposed by Dirac [2, 3] leads to a cosmology where G varies with cosmic time. There have been many extensions of the Einstein’s theory of gravitation, with time dependent G, in order to achieve a possible unification of gravitation and elementary-particle physics. Canuto and Narlikar [4] have shown that G varying cosmology is consistent with whatever cosmological observations are presently available. Researchers discussed the possibility of an increasing G [5, 6, 7].

The Λ term arises naturally in general relativistic quantum field theory where it is interpreted as the energy density of the vacuum (Zel’dovich [8, 9], Ginzburg et al. [10], Fulling et al. [11]). Cosmological models with variable G and Λ have been studied by a number of researchers [12 – 19] for an homogeneous and isotropic

FRW line element. Bianchi type-I models with variable G and Λ have been studied by Beesham [20], Vishwakarma et al. [21], Vishwakarma [22], Maharaj and Naidoo [23], Arbab [24, 25] and Pradhan and Yadav [26].

It is well known that exact solutions of general theory of relativity for homogeneous spacetimes belongs to either Bianchi type or to Kantowski-Sachs [27] type. Weber [28, 29] has done qualitative study of the Kantowski and Sachs [30] cosmological models. Lorcoz [31], Gron [32], Matravers [33], Krori et al. [34], Darowski [35] Li and Hao [36] have also studied cosmological models for the Kantowski- Sachs space-time. Singh and Agrawal [37] discussed Kantowski-Sachs type models in Saez and Ballester scalar tensor theory. Recently Pradhan and Yadav [26] have done Kantowski-Sachs model with variable G and Λ by assuming of a power-law time variation of the expansion factor.

In this paper, we consider space-time of Kantowski-Sachs model in a general form with variable G and Λ. We apply the equation of state p = ωϵ and scalar of expansion proportional to the shear scalar θ ∝ σ [38].

2. The Kantowski-Sachs model (check title)

We consider the Kantowski-Sachs metric in the form

ds^2 = dt^2 − A^2dr^2 − B^2(dθ^2 + sin^2 θ dϕ^2) , (1)

where A and B are functions of the cosmic time t alone.

Einstein’s field equations with variable G and Λ in suitable units are

R_{ij} − 1 2 Rg_{ij} = 8πG(t)T_{ij} + Λ(t)g_{ij} . (2)

The energy momentum tensor for a perfect fluid is

T_{ij} = (ϵ + p)v_iv_j − pg_{ij} , (3)

where ϵ is the energy density of cosmic matter and p is its pressure.

Einstein’s field equation (2) for the metric (1) leads to

2 B̈ B + ( Ḃ B )_2 + 1 B^2

= 8πGp − Λ , (4)

Ä A + B̈ B + ȦḂ AB = 8πGp − Λ , (5)

2 ȦḂ AB + ( Ḃ B )_2 + 1 B^2

= −8πGϵ − Λ , (6) where the overhead dots denote the ordinary differentiation with respect to t.

In view of the vanishing divergence of the Einstein tensor, Eq. (2) gives

ϵ̇ + (ϵ + p) ( Ȧ A + 2Ḃ B ) + ϵ Ġ G + Λ̇ 8πG = 0 . (7)

We now assume that the law of conservation of energy (T^{ij}_{; j} ) gives

ϵ̇ + (ϵ + p) ( Ȧ A + 2Ḃ B ) = 0 . (8)

Using Eq. (7) yields Ġ = − Λ̇ 8πϵ (9) indicating that G increases or decreases as Λ decreases or increases. We also consider the perfect fluid equation of state,

p = ωϵ , (10)

where ω, as suggested by Wang [39], may be defined as ω = 1 3 ϵ_r (ϵ_m + ϵ_r)

, (11)

with ϵ = ϵ_m + ϵ_r, ϵ_m and ϵ_r being the matter crest mass and radiation energy densities. As the variation of ω(t) is slow as compared with the expansion of the universe, we expect that near the time when matter and radiation energy densities are equal, we can approximate ω(t) as the step function :

ω ∼= { 1/3 in the radiation dominated universe, 0 in the matter dominated universe. (12)

From Eqs. (4) and (5), we have B̈ B − Ä A + Ḃ B ( Ḃ B − Ȧ A ) + 1 B^2

= 0 . (13)

There are only five independent equations in six unknowns A, B, p, ϵ, G and Λ, so an extra equation is needed to solve the system completely. We assume the scalar of expansion to be proportional to the shear scalar, θ ∝ σ [38], which leads to a relation between metric potentials

A = B^n, (14) where n is a constant.

Using Eqs. (14) and (13), we have B̈ B + (n + 1) Ḃ2 B^2 + 1 1 − n 1 B^2

= 0, n /= 1 . (15)

Integrating Eq. (15), we obtain

Ḃ = √ B^{2(n+1)} + C_1(n^2 − 1)

B^{(n+1)} √ n^2 − 1

, (16)

where C_1 is a constant of integration. With the help of Eqs. (14) and (16), the line element (1) reduces to

ds^2 =

B^{2(n+1)}(n^2 − 1) B^{2(n+1)} + C_1(n^2 − 1) dB^2 − B^{2n}dr^2 − B^2(dθ^2 + sin^2 θ dϕ^2) . (17)

By suitable transformation of coordinates, the line element (17) reduces to

ds^2 = (n^2 − 1)

T^{2(n+1)} T^{2(n+2)} + C_1(n^2 − 1) dT^2 − T^{2n}dr^2 − T^2(dθ^2 + sin^2 θ dϕ^2) . (18)

For the model (18), the geometrical and physical parameters can be easily obtained. The expressions for the energy density ϵ, gravitational constant G(t) and cosmological constant Λ(t) are given by ϵ = k T^{(n+2)(ω+1)}

, k = constant (19)

G(t) =

T^{(n+2)(ω+1)} 8πk(ω + 1) [ 2n (1 − n^2)T^2 − 2(2n + 1)C_1 T^{2n+4} ] (20)

Λ(t) =

(2n + 1)C_1 T^{2n+4} ( 1 − ω 1 + ω ) − n^2(ω + 1) + 2nω (n^2 − 1)(ω + 1)T^2

. (21)

The expansion scalar θ and scalar σ for the model (18) are

θ = (n + 2) √ n^2 − 1 √ T^{2n+2} + C_1(n^2 − 1)

T^{n+2}

(22)

σ = (n − 1) √ 3(n^2 − 1) √ T^{2n+2} + C_1(n^2 − 1)

T^{n+2}

(23)

For ϵ > 0, we require k > 0. The model has singularity at T = 0. The model starts with ϵ, θ, σ and Λ, all being infinite and continues to expand till T = ∞. For this model, the scale factors are zero at T = 0, which shows that the spacetime exhibits point type singularity. Gravitational constant G(t) is zero initially and gradually increases and tends to infinity at late times. Since σ/θ = constant, the model does not approach isotropy for large value of T . Therefore, the model describes a continuously expanding, shearing, non-rotating universe with the big-bang start. In this model we observe that the cosmological term Λ is infinite initially, gradually decreases and becomes zero at late times.

In the special case of C_1 = 0, from Eq. (16) the line element (1) reduces to

ds^2 = dt^2 − t^{2n} (n^2 − 1)^n dr^2 − t^2 (n^2 − 1)

(dθ^2 + sin^2 θ dϕ^2) . (24)

After suitable transformation, Eq. (24) reduces to

ds^2 = dT^2 − T^{2n}dr^2 − T^2(dθ^2 + sin^2 θ dϕ^2) . (25)

The physical and geometrical parameters of the model (25) are ϵ = k_2 T^{(n+2)(ω+1)}

, k_2 = constant , (26)

G(t) = −n 4π(ω + 1)k_2

T^{(n+2)ω+n} , (27)

Λ(t) =

−n(n + 2ω + nω) (ω + 1)T^2

. (28)

The shear σ and expansion scalar θ are given by σ = (n − 1) √ 3 T , (29)

θ = (n + 2) T . (30)

Since σ/θ = constant, the model does not approach isotropy. We can obtain the deceleration parameter q = (1 − n)/(n + 2), which shows that the deceleration parameter is constant. The model of constant deceleration parameter has been considered by Berman and Som [40]. The Hubble parameter H reads as H = n + 2 3T , (31) which can be written as H = n − 1 3qT . (32)

For the present phase p, we obtain

T_p =

1 − n 3q_pH_p

. (33)

It is evident that negative q_p would increase the present age of the universe. From Eq. (27), we obtain Ġ G = (n + 2)ω + n T , (34)

and the present value is ( Ġ G ) p = 3[(n + 2)ω + n] 1 − n

H_pq_p . (35)

We can find that the quantity Gϵ satisfies the condition for a Machian cosmological solution, i.e. Gϵ ∼ H^2, which follows from the model of Kalligas et al. [15].

For the energy density to be positive definite, we must have k_2 > 0. The energy density decreases as time increases and tends to zero as T tends to infinity. We also observe that the spatial volume is zero at T = 0. Thus, the singularity exists at T = 0 in the model. The gravitational constant is zero initially and gradually decreases and tends to infinity at late times, whereas cosmological term Λ(t) varies as square of the age of universe and tends to zero as T → ∞. It is noted that negative value of G and Λ had already been considered by Vishwakarma [22] and Singh et al. [18]. The deceleration parameter is constant for all time. For n = 1, T_0H_0 = 1. This is within the current limits for the universe age 0.8 < T_0H_0 < 1.3 and is in good agreement with the best observation T_0H_0 ∼ 1 [41].

In the model (25) we observe that Λ ∼ H^2 and Λ ∼ T^{−2}, which is in accordance with the main dynamical laws one finds in the literature proposed for the decay of Λ. The dynamical law Λ ∼ H^2 has be proposed by Carvalho et al. [42] and considered by Salim and Waga [43], Arbab and Abdel-Rahman [44], Wetterich [45] and Arbab [46]. In view of the present estimates, Λ is of the order H^2_0 [47]. The dynamical law Λ ∼ T^{−2} has been considered by several authors, e.g. Lau [48], Berman [14], Beesham [20], Lopez et al. [49], Bertolami [50], Endo et al. [51] and Canuto et al. [52], to mention a few.

3. Conclusion

We have obtained exact solutions of the field equations for Kantwoski-Sach space-time with variable gravitational constant G(t) and cosmological constant Λ(t) in the presence of a perfect fluid. In general, the space time exhibits “point type singularity” at initial stage and gravitational constant is zero, but cosmological term varies as square of the age of universe. In the model, cosmological term Λ is infinite at the beginning and it decreases to become zero at late times. Deceleration parameter is constant for all time. In the model we obtain Λ ∼ H^2 and Λ ∼ T^{−2} which is in accordance with the main dynamical laws for the decay of Λ. We also obtain that the model satisfies the condition for a Machian cosmological solution, i.e. Gϵ ∼ H^2, which follows from the model of Kalligas et al. [15].

Acknowledgements

First author (RKT) acknowledges grateful thanks to CRO, Bhopal of U.G.C., New Delhi for providing financial assistance under Minor Research Project.

References

[1] P. A. M. Dirac, Nature 139 (1937) 1001. [2] P. A. M. Dirac, Nature 139 (1937) 323. [3] P. A. M. Dirac, Proc. Roy. Soc. Lon. 165 (1938) 199. [4] V. M. Canuto and J. V. Narlikar, Astrophys. J. 6 (1980) 236. [5] L. S. Levit, Lett. Nuovo Cimento 29 (1980) 23. [6] A. Beesham, Int. J. Theor. Phys. 25 (1986) 1295. [7] A.-M. M. Abdel-Rahman, Gen. Relativ. Gravit. 22 (1990) 655. [8] Y. B. Zel’dovich, Sov. Phys. JETP Lett. 6 (1967) 316. [9] Y. B. Zel’dovich, Sov. Phys. JETP Lett. 14 (1968) 1143.

[10] V. L. Ginzburg, D. A. Kirzhnits and A. A. Lyubushin, Sov. Phys. JETP 33 (1971) 242.

[11] S. A. Fulling, L. Parker and B. L. Hu, Phys. Rev. D 10 (1974) 3905. [12] Abdussattar and R. G. Vishwakarma, Indian J. Phys. B 70 (4) (1996) 321. [13] A. Beesham, Int. J. of Theor. Phys. 25 (1986) 1295. [14] M. S. Berman, Phys. Rev. D 43 (1991) 1075.

[15] D. Kalligas, P. S. Wesson and C. W. Everitt, Gen. Relativ. Gravit. 24 (1992) 3511. [16] D. Kalligas, P. S. Wesson and C. W. Everitt, Gen. Relativ. Gravit. 27 (1995) 645. [17] S. Chakraborty and A. Roy, Astrophys. Space. Sci. 313 (2008) 380. [18] J. P. Singh and R. K. Tiwari, Pramana J. of Physics 70 (2008) 4. [19] J. P. Singh, A. Prasad and R. K. Tiwari, Int. J. Theor. Phys. 47 (2008) 1559. [20] A. Beesham, Gen. Relativ. Gravit. 26 (1994) 159.

[21] R. G. Vishwakarma, Abdussattar and A. Beesham, Phys. Rev. D 60 (1999) 063507. [22] R. G. Vishwakarma, Gen. Relativ. Gravit. 37 (2005) 1305. [23] S. D. Maharaj and R. Naidoo, Astrophys. Space Sci. 208 (1993) 261. [24] A. I. Arbab, Gen. Relativ. Gravit. 30 (1998) 1401.

[25] A. I. Arbab, Chin. J. Astron. Astrophys. 3 (2003) 113. [26] A. Pradhan and V. K. Yadav, Int. J. Mod. Phys. D 11 (2002) 893. [27] A. K. Roychaudhari, Theoretical Cosmology, Claredon, Oxford (1979). [28] E. Weber, J. Math. Phys. 25 (1984) 3279. [29] E. Weber, J. Math. Phys. 26 (1985) 1308.

[30] R. Kantowski and R. K. Sachs, J. Math. Phys. 7 (1966) 443. [31] D. Lorcaz, J. Phys. A. Math. Gen. 16 (1983) 575. [32] P. Gron, Math. Phys. 27 (1986) 1490.

[33] D. R. Matravers, Gen. Relativ. Gravit. 20 (1988) 279.

[34] K. D. Kron, A. K. Goswami and A. D. Purkayastha, J. Math. Phys. 36 (1995) 1347. [35] H. P. Dabrowski, J. Math. Phys. 36 (1995) 2945. [36] X. Z. Li and J. G. Hao, Phys. Rev. D 68 (2003) 083514. [37] T. Singh and A. K. Agrawal, Astrophys. Space Sci. 182 (1991) 289. [38] S. R. Roy, S. Narain and J. P. Singh, Aust. J. Phys. 38 (1985) 239. [39] X. X. Wang, Chin Phys. Lett. 20 (2003) 615.

[40] M. S. Berman and M. M. Som, Int. J. Theor. Phys. 19 (1990) 1411. [41] Abdussattar and R. G. Vishwakarma, Aust. J. Phys. 50 (1997) 803. [42] J. G. Carvalho, J. A. S. Lima and I. Waga, Phys. Rev. D 46 (1992) 2404. [43] L. M. Salim and I. Waga, Class. Quantum Gravit. 10 (1993) 1767. [44] A. I. Arbab and A.-M. M. Abdel-Rahman, Phys. Rev. D 50 (1994) 7725. [45] C. Wetterich, Astron. Astrophys. 301 (1995) 321. [46] A. I. Arbab, Gen. Relativ. Gravit. 29 (1994) 61. [47] R. G. Vishwakarma, Class. Quantum Gravit. 18 (2001) 1159. [48] Y. K. Lau, Aust. J. Phys. 38 (1985) 547.

[49] J. L. Lopez and D. V. Nanopoulos, Mod. Phys. Lett. A 11 (1996) 1. [50] O. Bertolami, Nuovo Cimento. B 93 (1986) 36. [51] M. Endo and T. Fukui, Gen. Relativ. Gravit. 8 (1977) 833. [52] V. Canuto, S. H. Hsiesh and P. J. Adams, Phys. Rev. Lett. 39 (1977) 429.

KANTOWSKI-SACHSOVI KOZMOLOŠKI MODELI S VREMENSKI-PROMJENLJIVIM G I Λ

Predstavljamo Kantowski-Sachsove kozmološke modele s vremenski-promjenljivim G i Λ koji sadrže perfektnu tekućinu. Izvodimo egzaktna rješenja jednadžbi polja primjenom skalara razvoja koji je razmjeran posmičnom skalaru, θ ∝ σ, što vodi na relaciju med–u metričkim potencijalima A = B^n, gdje je n stalan. Raspravljamo i fizičko tumačenje kozmoloških rješenja.