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We discuss in this work two independent scenarios of a higher-dimensional spatially
flat universe. In the 1st scenario, we conjecture that the cosmological constant varies
according to the ansatzs Λ = ρα, α ∈ R, where ρ is the energy density assumed
to vary like ρ = DHm, (D,m) ∈ R. In the 2nd scenario, we conjecture that the
cosmological constant varies like Λ = Gβ , β ∈ R, where G is the gravitational cou-
pling constant. Both scenarios reveal many interesting and appealing consequences
which are discussed in some details.
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Various cosmological and astronomical observations like the Type Ia Supernova,
the first acoustic peak of the CMB background radiation, the large scale structure
favour a spatially flat universe undergoing a late phase of accelerated expansion with
the equation of state (EoS) parameter w = p/ρ < −1/3 (ρ and p are, respectively,
the density and pressure of the perfect fluid) [1 – 7]. Dozens of phenomenological
models have been presented for the explanation of this mysterious phenomenon such
as quintessence [8], viscous fluid [9], Chaplygin gas [10, 11], generalized Chaplygin
gas model [12 – 15], holographic dark energy [16, 17] and so on. Other models are
based on certain modifications of Einstein’s general relativity which can have very
similar consequences for special choices of their corresponding parameters [18 – 28].
On the other hand, it is widely believed that extra-dimensional spacetimes play
a crucial role at the cosmological and elementary particle levels [12, 29 – 38]. In
this context, we want to investigate the dynamical properties of vacuum energy
or cosmological constant in a kind of non-trivial higher-dimensional cosmological
model. A phenomenological approach is proposed here to build a model which is
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able to fit the available data and leads to accelerated expansion of the universe. To
this aim, we will discuss two independent scenarios.

1) In the 1st scenario, we conjecture that the cosmological constant varies ac-
cording to the ansatz Λ = ρα, α ∈ R, where ρ is the energy density which in its
turn is assumed to vary like ρ = DHm, (D,m) ∈ R.

2) In the 2nd scenario, we conjecture that the cosmological constant varies like
Λ = Gβ , β ∈ R, where G is the gravitational coupling constant.

Here H is the Hubble parameter of the higher-dimensional homogeneous and
isotropic Friedmann-Robertson-Walker (FRW) spacetime metric described by the
combination of the standard (n+ 2) FRW metric as

ds2 = −dt2 + a(t)

[

dr2 + r2(dθ21 + sin2 θ1dθ
2
2 + . . .+ sin2 θn−1dθ

2
n)

]

. (1)

The motivations for introducing the ansatzs Λ = ρα and Λ = Gβ are in re-
ality based on most recent studies on the evolution of dark energy and phantom
energy [39]. The ansatz ρ = DHm is motivated by the observations that many of
the cosmological models predict that, during its evolution, the universe undergoes
a series of regimes where the energy density scales like ρ ∝ (H3, H2, H, . . .), e.g.
pressureless regime, radiation regime, brane cosmology and so on [18, 19]. Besides
all these, we will implement in our theory a dynamical gravitational coupling con-
stant G. Particularly significant are found those cosmological models in which the
cosmological constant and G-variation laws were inferred from some fundamental
physical theories, such as perturbative particle physics theory with the Hilbert-
Einstein action treated semiclassically [40 – 44], or the quantum gravity approach
where nonperturbative solutions were obtained within the “Hilbert-Einstein trun-
cation” [45], gravitational holography [46, 47] or those theories sorting from string,
superstring and M-theories (Refs. [18], [19], [48] and references therein).

The Einstein field equations are

Rij −
1

2
gijR+ Λgij = −8πGTij = −8πG

[

(p+ ρ)uiuj − pgij
]

, (2)

where gij is the metric tensor. The Friedmann equation takes the special form

n(n+ 1)

2

ȧ2

a2
= 8πGρ+ Λ , (3)

whereas the Bianchi identity
(

Rij
−

1

2
gijR

)

;i

= −

(

8πGT ij + Λgij
)

;i
= 0 , (4)

leads directly with the equation of state p = (γ − 1)ρ, γ = constant, to

ρ̇+ (n+ 1)γρ
ȧ

a
= 0 , (5)
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and

Λ̇ + 8πĠρ = 0 . (6)

First scenario: With Λ = ρα, Eq. (6) gives

α

α− 1
ρα−1 = −8πG . (7)

With ρ = DHm, Eq. (5) gives easily

(n+ 1)γHm+1 +mHm−1Ḣ = 0 . (8)

It is easy at this stage to check that the solution of Eq. (8) is

a(t) =

(

(n+ 1)γ

m
t

)m/{(n+1)γ}

. (9)

Therefore, the energy density, the cosmological constant and the gravitational cou-
pling constant vary, respectively, like

ρ = DHm = D

(

m

(n+ 1)γ

)m

t−m , (10)

Λ = ρα = Dα

(

m

(n+ 1)γ

)mα

t−mα , (11)

G =
1

8π

α

1− α
ρα−1 =

1

8π

α

1− α
Dα−1

(

m

(n+ 1)γ

)m(α−1)

t−m(α−1) . (12)

Besides, Eq. (3) gives the following constraints between the parameters,

n(n+ 1)

2
H2 =

1

1− α
DαHmα , (13)

and accordingly mα = 2. However, a positive gravitational coupling constant re-
quires 0 < α < 1 and then m > 2. Besides, accelerated expansion occurs if, for
instance, m > (n+ 1)γ, i.e. (n+ 1)γ = 2. Then for n = 2, which corresponds to a
four-dimensional spacetime, γ = 2/3 (dark energy dominated stage with equation
of state parameter w = γ − 1 = −1/3) and for n = 3, which corresponds to a
five-dimensional spacetime, we find γ = 1/2 (dark energy dominated stage with
equation of state parameter w = γ − 1 = −1/2). For a very large number of extra-
dimensions, γ → 0 and hence the universe is dominated by a vacuum energy. In
our framework, Λ ∝ t−2, ρ ∝ t−m and G ∝ tm−2 with m > 2 (increasing gravi-
tational coupling constant). The present day variation (PDV) of the gravitational
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constant is (Ġ/G)0 = (m − 2)(n + 1)γH0/m = 2(m − 2)H0/m per year which for
H0 = 10−10 y−1 is allowable value if compared with the results of observations for
m = 2 [49, 50].

Second scenario: With Λ = Gβ , Eq. (6) gives

ρ = −
β

8π
Gβ−1 , (14)

and accordingly, Eq. (5) gives

G = a(n+1)γ/(β−1) . (15)

It is easy to check from Eq. (3), making use of Eqs. (14) and (15), that the scale
factor behaves like

a(t) =

(

2(β − 1)

γβ(n+ 1)

√

2(3− β)

3n(n+ 1)
t

)2(β−1)/{γβ(n+1)}

(16)

with β < 0 in order to satisfy a positive energy density. The cosmological constant
varies like

Λ(t) =

(

2(β − 1)

γβ(n+ 1)

√

2(3− β)

3n(n+ 1)
t

)−2

. (17)

A decaying and positive cosmological constant is satisfied if, for instance, also the
following constraint is satisfied: γ > 0. Besides, accelerated expansion will occur if
γ(n+1) > 2. For n = 2 (4D), γ > 2/3 (dark energy dominated stage with equation
of state parameter w = γ − 1 > −1/3), while for n = 3 (5D) γ > 1/2 ( dark energy
dominated stage with equation of state parameter w = γ − 1 > −1/2). In our
framework, the gravitational coupling constant varies like

G(t) =

(

2(β − 1)

γβ(n+ 1)

√

2(3− β)

3n(n+ 1)
t

)−2/β

. (18)

The present day variation (PDV) of G is now (Ġ/G)0 = (n + 1)γH0/(1 − β) per
year which for H0 = 10−10 y−1 is as well an allowable value if compared with the
results of observations for β ≪ 0.

In summary, we have discussed two independent cosmological scenarios which in
addition to their simplicity hold several interesting consequences and new features
which depart from the standard FRW cosmology. In both scenarios, the cosmo-
logical constant and the energy density decays in time, besides the universe is
accelerating in time and dominated by dark energy. However, in the 1st scenario,
the 4D universe is dominated by dark energy with an equation of state parameter
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γ − 1 = −1/3, whereas in the second scenario, the equation of state parameter
is γ − 1 > −1/3. In addition, in both models, the PDV is close to the results of
observations for a certain range of the parameters. One more interesting feature is
the following: in the 1st scenario, we have (n+ 1)γ = 2 and hence for a very large
number of extra-dimensions, the equation of state parameter tends to −1 which
corresponds for a vacuum dominated energy, whereas in the 2nd scenario, we have
(n + 1)γ > 2 and therefore for n → ∞, γ − 1 > −1, which corresponds to a dark
energy dominance. We have simply presented our results as possible departures
from the current standard model. Further details are under current investigation.
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UBRZANO ŠIRENJE VIŠEDIMENZIJSKOG PROSTORNO RAVNOG
SVEMIRA

Proučavamo dvije neovisne postavke za vǐsedimenzijski prostorno ravan svemir. U
prvoj postavci uzimamo da se kozmološka konstanta mijenja kao Λ = ρα, α ∈ R,
gdje je ρ gustoća energije čija je ovisnost dana s ρ = DHm, (D,m) ∈ R. U drugoj
postavci uzimamo da se kozmološka konstanta mijenja kao Λ = Gβ , β ∈ R, gdje je
G gravitacijska konstanta vezanja. Obje postavke otkrivaju zanimljive i podsticajne
ishode koji se podrobno raspravljaju.
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