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Applying the generaFormalismof quantummechanicsn phasespacedevelopedn Partl,
we solve the problemof the stationaryharmonicoscillatorandshaw thatthe Hilbert space
andphasespacesolutionsarefully consistent.

1. Introduction

In the previouspaper1] (referredto asPartl), we developedthe generaformalismof
quantummechanicsn phasespace startingfrom analgebraicstructurethatencapsulates
bothclassicabndquantummechanicsThatapproactallows acomparatie studyof foun-
dationsof quantunmechanicsasthesamephysicalproblemcanbetreatedn independent
ways.Comparisorof thesolutionsof classicabndquantummechanicén phasespacanay
offer new insightsinto the physicalproblemghatareaccessibléo bothapproaches.

Thesimplestyetoneof themostimportantphysicalsystemss theharmonicoscillator
Due to the fact that its Hamiltonianis of the secondorder, the problemcan be exactly
solvedin phasespacewith only moderateeffort. Thisis the objective of the presentvork.

We take two approache€One,in termsof Laguerrepolynomials,is applicableonly to
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the stationarycase.The othet in termsof Hermite polynomials,allows generalizatiorio
a harmonicallyoscillatingwave paclet (to be presenteelsavhere).Finally, we shav the
completeequivalenceof the Hilbert spaceandphasespacesolutionswherethetwo canbe
compared- whichis only in thepositionspace.

Theadditionalinformationcontainedn thephasespacesolutionmaynothave physical
significanceput helpsunderstandBohr’s correspondencgrinciple from the viewpoint of
mathematicastructure.

2. TheCartesianapproad (Hermitepolynomials)

For the Hamiltoniany givenby Eq.(14) of Ref. 1 (hereaftereferredasl), thebilinear
operatorsiefinedoy Eqgs.(50) and(51) in | generateéhefollowing linearoperatorsn # -

Xa = %xsin(cD) Q)
1 1
= E(EZ-FHZ)(D—QCZD%‘”')
- naE_Eaﬂa
Xxo = xcogch) @
1 1 1
= E(Ez+n2)(1—ECZD2+EC4[I4---)

1 1
= 3 (Ez—czag) +5 (n?-c%3).

We seethattheoperator(1) of infinitesimalmotionsis identicalto its classicakcounterpart
definedby Eq. (38) in I. Thisis becausg is a polynomialof only secondorder, sothat

derivativesof orderhigherthantwo vanish.As for theoperator(2), whoseexpansiorstops
at the secondderivative, it formally happengo be the sumof two Schiddingeroperators
of theform (42) in | —onefor eachphasespacecoordinate.

To simplify calculationswe definenew temporaryvariables,y, {, which absorbthe
coeficientc:

n=+vov. 4)
Thetwo linearoperatorsarethen
Xa = ydz — (dy, (5)
1 1
xo:c[é (Z2—6§)+§(y2—6\2,)]. (6)
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Thecharacteristiequation(15) in | now reads
1 1 1
[é (zz—ag) +§(y2—6$)] U= Ay @)

This differential equationis easily solved by separatiorof variables.Sinceeachof the
variables(,y, leadsto eigenfunction®f theform (43)in I, the solutionu,, is a productof
suchfunctions.ThelabelA representsa pair of indices,i.e., uy = uy. Hence,leaving out
thenormalizationcoeficientsAy, A, we have

U (3Y) = H () € 572H, (v) Y72, ®

Theeigervaluesare
A= (m+1)c, 9)

wherem=k+1.

Thegroundstatequanturmumbersarek = | = 0, andthegroundlevel enegyis A =c.
Returningto phasespacevariablesby reversingthe substitutiong3) and(4), oneobtains
thefollowing expressiorfor thegroundlevel eigenfunction

Ug = Ke™X/C, (10)
For this functionto be a pure state,it mustsatisfy the idempotencecondition(12) in I,

which then fixes the value of the coeficient K. To apply this condition, we make the
substitutiorr = s= —1in thegeneraformula(A8). Theresultingequation,

e X/ Coe X/ = %e‘X/ c (11)
togethemwith upoug = ug, impliesK = 2, but still leavesc arbitrary:
Ug = 2e X/, (12)

We cannow computethe measure—definingonstantN. Equationg(14) and(35)in |
togethemwith Eq. (10) yield theequation:

N / e E@+)/2egsgn = 1, (13)
(0]

whichimpliesthefollowing connectiorbetweerN andc:

1

Nc= —.
4t

(14)

We now have a choicebetweentwo distinguishedoossibilities.Onecaseis N = 1, which
yieldsthe simplephasespacemeasuralédn, butimpliesc = 1/41t This valueof c would
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unnecessarilgomplicatehestatefunctions. Theotherdistinguishegossibilityisc=1/2,
which impliesN = 1/21t The adwvantageof having ¢ = 1/2 is thatthe stateug , relation
(12),thenreads

Uo(E,n) =2 e, (15)
whichis the samefunctionof & asthe Schibdingersolution(46)in | for n= 0, namely

po(&) = %Te‘zz,

while for the choicec = 1/4rm, the comparisorrequiresintermediatecoordinatetransfor
mationsIn addition,if onetakesc=1/2, theenepy eigervalueq9) assumeheir standard
form A = n+1/2, wheren = m/2 (providedc is not a functionof n — whichis true, but
remainsto be proved). It thusseemshatthe normalizationN = 1/2rtis computationally
preferable put we shall postponehe decisionuntil we computethe statesfor the higher
enegy levels.It is indeedessentiato verify thatrelation(14),derivedfor n= 0, is actually
valid for all n € N.

(16)

2.1. Thehigherenegy levels

In the excited statesthe quanturmumbemight be considereddegenerate”therebe-
ing m+ 1 linearlyindependengigenfunctionsly whichsatisfythe characteristiequation
(7). Sincetheenegy levelsarenot degeneratén Hilbert spacegquantummechanicsthisis
anindicationof a potentiallyinstructive differencebetweerthe two formulations but we
shallnotpursuet here.For agivenvalueof m, themostgeneraphasespacesigenfunction
is alinearcombination

u= Ck| Ukl (17)
k+I=m

with arbitraryrealcoeficientsCy . For thiseigenfunctiorto beastationarystatejt mustbe
idempotentuou= u, andnormalized{u) = 1. Theseconditionsdeterminehecoeficients.
The computationis difficult to performdirectly, but simpleif we take advantageof the
sigma-orthogonalitgheorem,which statesthat u is idempotentf it is a constantof the
motion,i.e.,if xau = 0. Applying the operatorxa, definedby relation(5), to the function
u, definedby relations(17) and(8), yields

Xau=2 S G [YHL @) H () — T @ H ()] e @HP)2 (18)

2k+ =m

With the help of standarddentities,we first eliminatefrom this expressiorthederivatives
of theHermitepolynomials.Theresultingequationis

xau=§ Cu [KHi-1(2) - YHI (¥) — ZH(Q) - IHi_a (] e @2 (19)

k+I=m
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We next eliminatethe variablesy and{ which appeatascoeficientsto the Hermitepoly-
nomials:

xau=7 3 CalkHc1@Ha) I Hea@Hoamle A2 (o)
k+I=m

Thisresultcanberewrittenin the compactform

Xou= Dy Uk (21)
k+l=m

Thisexpressiorbringsoutthefactthateach(m+ 1)-dimensionasub-spacef thoseeigen-
functionswhich belongto the sameenepy eigervalueis invariantunderthe groupof mo-
tions generatedy the Hamiltonian. The coeficientsDy arelinear combinationsof the
coeficientsCy:

Du = 2[(k+1)Cir1—1— (1 + 1) Ce_1141] - (22)

The fixed point of the motion (i.e., the time-independengolution)is thendefinedby the
conditionDy = 0, whichimpliesthefollowing systemof m+ 1 homogeneouknearequa-
tionsfor the coeficientsCy :

(k+1)Cqr-1= (I +1)Ce-1)41, (23)

wherek+ | = m. To solve this systemwefirst obsere thatthereis no non—trvial solution
if k+1 is odd.Thiscanbeseerasfollows: msinglestepsn theindex k (i.e.,k — k+ 1) are
neededo traversethesetof coeficients{Com,C1,m-1,- - -,Cmo}, buttherecursiorrelation
(23) proceedsn doublesteps(i.e.,k — k+ 2). Thisimpliesthatm is even.Hencewe can
write

m=2n (24)

for somen. Similarly, thereare no non-trivial solutionsif both k andl areodd. To see
this, let us considerthe first odd coeficient, Cy m—1. By relation(23), it is proportionalto
C_1,m+1, acoeficientwhich doesnotexist, i.e., equalszero.Recursiorby two propagates
this valueto all odd coeficients.Hence all non-zeracoeficientsbeingof evenindex, we
write k= 2r, | = 2s, for somer ands, which impliesn = r +s. The solutionof equation
(23)thenfollows as

C2r,23 - ( Cn

2ni (s’ (25)

Dueto thehomogeneityof the systemof equationg15), the coeficientsC, arestill arbi-
trary. Hence upto thefactorsC,, theexcitedstatesaregivenby thefunctions

1

@ g @& e 2 (26)

un=Cn z

r+s=n

The coeficients C, could be determineddirectly from the idempotencecondition
UnOU, = Up, but at greatcomputationakost. Fortunately they will be found effortlessly
laterusinggeneratingunctions.Theresultis C, = 21",
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3. The"polar” appmad (Laguerre)

The phasespaceaxpression(26) for the excited stateof the harmonicoscillatorlooks
like anintuitively acceptablextensionof the standardsolution, Eq. (47) in I, but it is
unduly complicated.This is dueto the factthatit describeghe rotationally symmetric
harmonicoscillatorin positionand momentumcoordinates— a phasespacecoordinate
systemwhich doesnot reflectthe rotationalsymmetryof the Hamiltonian.A greatsim-
plification is achieved if the coordinated, vy, in expression(26), aretransformedo the
invariantcombinationZ? + 2. Thisis donein several steps First, we usethe well-known
connectiorbetweerHermiteandLaguerrepolynomialsto replacethe Hermite polynomi-
alsby Laguerres associategholynomialsof index —1/2. Thisyields

b =C2"(-1)" ¥ LY@ (). (27)

r+s=n

Next, we collectthe sumof productsof thesepolynomialswith the help of the addition
theorenfor Hermitepolynomials Theresultis

Un = Cn (= 1)"2"Lp (22 +2) & ()72 (28)

Finally, usingrelations(3) and(4), we transformthis functionto the original variables§,
n. Thisleadsto thecompaciexpression

Un = Cn (—1)"2"Ln (2x/c) € X/°. (29)

We shallnow obtainthis solutiondirectly, withouttheintermediatestepinvolving Her-
mite polynomials.To this end,we make a transformatiorof phasespacecoordinatesrom
&, n, to x, T, andthendrop 1, sincethe systemis time independentWhen appliedto
functionsof x only, thedifferentialoperatorsve needare:

%=ty
On n%,
= :¥X+Ezdd—xzz,
o = do)'( + nzddxzz-
Thesetransformationgeadto
x52:a§+aﬁ:2(:¥x+xdd—;). (30)
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Let usnow write thefunctionu in theform
u(x) =F(rx)e ¥, (31)

whereF is the new unknavn function ands an unknavn parameterThe inessentiapa-
rameter is introducedo helpbring theresultingdifferentialequatiorninto arecognizable
standardorm. Substitutionof this functionandof the operator(30) into the characteristic
equation

Xou =X (1— %CzDZ) u=Au, (32)

yieldsthefollowing differentialequatiorfor F:
r2xF" + c?r (1—2sx)F' + (X — ’s+ A — x)F =0. (33)
By selectinghe parameterss
s=1/c,
r=2s=2/c,
A=2c(n+1/2),

andswitchingto anew variable
z=ry, (34)

which is simply the algumentof the function F, the differentialequationfor F becomes
thelLaguerreequationthatis

ZF" (2 +(1-2)F' (2 +nF (2 =0. (35)

Hence the statequ, areproportionaltto productsof Laguerrepolynomialsandexponential
functions.To computethe unknown coeficientsit is corvenientto separaté¢hemfrom the
functionalpart.Let usdenotethefunctionalpartby vy, i.e.:

Un - KnVn, (36)

Vn = Ln (2x/c)e7X/C, (37)

The valuesof the coeficientsKp follow from theidempotenceequiremenfor the states
u, — acomputatiorwhichwaspostponedvhenC, in equation(26) hadto bedetermined.

They are now easily computedusing generatingfunctions. To this end, we definethe
generatindunctionV (w) for thesequencef functionsvy, relation(37), as:

[ee]

V(w) = Zovnvv”. (38)
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Fromrelations(37) andthe generatingunctionfor Laguerrepolynomialsfollows

1 1+w
V(w) = 1_Wexp (—1_Wx/c). (39)
Substitutionof relation(36) into theidempotenceequirementor uy, yields
VnOVn == Vn/Kn- (40)

While it is difficult to computethe sigmasquareof v, directly, we canbypassghis stepby
computinginsteadthe sigma-squaref V — which is now straightforvardsinceV is an
“invariantexponential’'whoseo -algebras developedin theappendixindeed

1 1+w 1+w
VoV = mexp (—mx/c) oexp (—mx/c) . (41)
By takingr =s= —(1+w)/(1—w) in equation(A11), we get

V(w)aV (w) = %rlwzexp (—1;—$x/c). (42)

Exceptfor thefactorl/2, this functionis the sameasthe definitionof V in relation(39),
providedwe replacew by —w?. Hence

V (w) oV (w) = %v (-w?) = %nivn (-w?)". (43)

Independentlyf this, we alsogetthefollowing equatiorfrom the definitionof V, relation
(38), andfrom the orthogonalityof statesfEq. (19)in I:

V(w)oV (w) = n;K—nvn(V\F)”. (44)
Comparisorof relations(43) and(44) yields
Kn=2(-1)". (45)
Hencethestatesare
Un = 2(—1)"Ln(2x/c)e Ve, (46)

Thisresultis functionallyidenticalto the solution(29) obtainedoy separatiorof variables,
but we have now determinedhe normalizatiorncoeficientsaswell:

Cn — 21—n- (47)

8 FIZIKA B 6(1997)1, 1-22
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3.1. Completeness

We have shavn by abstractargumentsthat the statesu, are sigma—orthogonaénd
idempotentipto afactor Eq.(19)in I. They arenormalizedto idempotencedy theproper
choiceof thecoeficientsKy, or C,, equationg45) and(47). To seeif they form acomplete
set,we have to computetheir sum— which mustbe equalto unity for completenesslo
thisend,we constructageneratingunctionU (w) for thestatesaccordingo thedefinition

[

U (W) = ;Uan- (48)

Its usefulnesdor the problemat handstemsfrom the factthatif we take w = 1 we get
U (1) = 3 h—oUn, Which is the sumwe have to compute.Comparisorof expression(48)
with the generatingfunction for the intermediatefunctionsvy, relations(38) and (45),
yields

U (w) =2V (-w), (49)
or, explicitly
U = 2 e (-1 e). (50)

By takingw = 1 weindeedgetU (1) = 1, which provesthatthe setof eigenfunctionsiy, is
complete.

3.2. Tracenormalization

We notethatall resultsobtainedsofararevalid for ary valueof thecoeficientc which
appearsn thedefinitiono = cos(c) of theJordarproduct but we still have to satisfythe
unittracecondition{un) = 1, definedby Eq. (35)in I. Theintegrationis mostcorveniently
donein polarcoordinateswhereR? = 2x. Thedimensionlesphasespaceneasurés then

Nd&dn = NRdRd@= Ndxdeq.

For ary function f of x alone thisimplies

(f) =N [ decnt () = 2nN [ £ () . (51)
() 0

To computethevalueof ¢, we notethatof thetwo expressiongor the generatingunction
U, (48)and(50),only onecontainsc explicitly. Hence by computingthetrace(U) of both
andequatingheresultswe getanequatiorfor c. Thus,relation(48), with {u,) = 1, yields

Uy = iw” - (52)

1—w
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while relation(50) togethemwith (51) leadsto

) = %N/e—ﬁ“X/Cdx = 4TrcﬁvN (53)
0

for thetracein polarcoordinatesComparisorof thetwo resultsyields4mcN = 1, whichis
thesameequationas(14). This provesthattherelationshipbetweerthe measure-defining
coeficientN andthe coeficient c of the operator] is the samefor all enegy levelsn. As
indicatedearlier we select

c= %, (54)

N= %{ (55)
Thesigma-orthogonalityelation,Eq.(19)in |, now reads

UmOUn = UnOmn (56)

3.3. Thecollectedanalyticresults

Relations(26), (54), (3), (4) and(47) yield the following expressiorfor the statesin
termsof Hermitepolynomials:

Un = % > L, (ﬁa) e & Has (\fzn) e (57)

s r's

Relationg(46) and(54) yield the following expressiorfor the samestatesn termsof
Laguerrepolynomials:

Un = 2(=1)"Ln (4x) &, (58)
Relationg9), (54),and(24)yield theenegy levels:

A=n+1/2. (59)

Relation(58) yieldsthe generatingunction G(w, z) for the states:

8

2
GWX) = S un(W' = ——— g 217 Wx/(1+w) (60)
& 1+w

10 FIZIKA B 6(1997)1, 1-22
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3.4. Sepaation of variables

The expression(57) for up, is a sumof productsof functionsof a singlevariable.To
bring out this fact,we definethe following sequencef functionsof asinglerealvariable,

z
(2 = %sz(\/ﬁz)e_zz- (61)

Theidempotentsi,, givenby relation(57), now read:

WEN =T AEQL(N). (62)

r+s=n

Sinceoneof the objectivesof the presentwork is to comparehe two formulationsof
quantunmechanicgin Hilbert spaceandin phasespace)thestate(57), whichis of phase
spaceorigin, is to be comparedvith the state(seeEq. (47)in 1), whichis of Hilbert space
origin. Thefunctionaldifferencein the variable betweerthesetwo expressionss in the
argumentf the Hermite polynomials.To equatetheseargumentswe have to eliminate
the coeficient v/2 from the amyumentin expression(61). Thisis doneusingrelation(58)
in l. Thenew expressiorfor Qk(2),

k I
Q) = e 3 @yt (63

is now of the right form for the comparisorin question.Sincethe standardquantumme-
chanicalprobability densitygivenby Eq. (47) in | is afunctionof & alone,the variablen
remainsto be eliminatedfrom the stateu,(&,n). This will be doneby integrationin the
next section.

3.5. Orthogonality

The statequ,, have anothelimportantproperty:they areorthogonalwith respecto the
scalamproductof functionswhichis definedby integrationover phasespaceTo provethis,
we substituteuy, - uy for f in relation(51). SinceN = 1/2m, this yields

[

T(Un-Um) = / Un - UmdX. (64)
0

Substitutionof the Laguerreexpression58) for the statesyieldsanintegral which canbe
computedisingthe orthogonalityrelationsfor Laguerrepolynomials.Theresultis

T(Un - Um) = Snm. (65)
Ontheotherhand,relation(56) implies

T(UnOUm) = T (Un)Onm = Onm, (66)
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and,hence

It is remarkablethat the standardscalarproduct, T (u, - uy), which is not manifestly
structural(the ordinarymultiplicationof functionsis nota quantummechanicastructure),
is nevertheless structure.Hence,one could saythat the structure-ofending part of the
integrandup - Um is cancelledoy integration.

4. Relationshipgo Hilbert space

In Hilbert spacequantummechanicsstatesarerepresentethy wave functions, ().
Theseare complex numberswith no direct experimentalinterpretation.The connection
with measurements establishedby the postulatethatthe probability of observingn the
interval & + d€ a particle whosestatevectoris (&) is given by Ydé. Hence,p(§) =
WE)W(E) is a probability densityin position space,provided Y(¢) is normalized,i.e.,

J p(§)de =1.
In phase;pacequanturrmechanicsstatesarerepresentetiy realC” functions,u(&,n),
which arec-idempotentucu = u, andnormahzed,ZHfu(E n)dédn = 1. Undertheinte-

gral sign, the functionsu behae like probablllty densmes the expectationvalue of an
obserable f in the stateu is (f), = an f(&€,n) - u(&,n)dédn, justasin classicalme-

chanicsThedifferencewith cIassmatnechamcss thatthe quantunmechanicafunctions
u(&,n) are noteverywhee non-n@ativein phasespaceHence they arenotstandargrob-
ability densitiesThisis almostto be expected sincea positive definiteprobabilitydensity
in phasespacewould contradictHeisenbeg’s uncertaintyprinciple by allowing position
andmomentunto be specifiedwith arbitraryaccurag.

To find the connectiorbetweenp(&) andu(&,n), let usconsidera testobserable, f,
whichis afunctionof & alone,i.e., f = f(§). Its expectationvaluein a statep in position
spacds then

(D= [ f@pE)E. (69)
In astateu in phasespacetheexpectatiorvalueis
= on /f U(E,n)dech. (69)

Thesenumberswill coincidefor all f if thefollowing conditionholds:

[

p(e) = 5 [ u(En)e (70)

—00
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GRGIN AND SANDRI: THE QUANTUM OSCILLATOR.. ..

We cannow formulatethe conjecturehatrelateshetwo realizationf states:
Conjecture. The EquivalenceConjecturelf W(&) is the Hilbert spacestatefunctionof a
boundand time independensystemand if u(&,n) is the phasespacerealizationof the
samestate then

WEOBE) = o [ uEnen. 7)

Clearly, for this relationto be applicable,it mustbe possibleto solve in principle,
or at leastto write down, the two characteristiequationsXy = E{ andxou = Eu, but
thephasespaceandHilbert spaceapproachearenotnecessarilyyquivalentfor unphysical
problemsThereasons thatwhile thecharacteristiequationyou = Auis uniquelydefined
for any phasespacefunctiony, regardlessf whetheror notit canbe solved,the operator
X is not uniquely definedby the Schibdingerquantizationprocedurebecause, andidg
do not commute.Consequentlyorderingof variablesis relevantandthereis no unique
Schibdingerequatiorfor anarbitraryobsenabley.

We shallnow verify the conjecturefor the harmonicoscillator— upgradingit to the
statusof theoremin this particularcase.To this end, we computep(¢) from the wave
function (&), givenby relationEq. (43)in |, andfrom theidempotenu(g,n), givenby
Eq. (57). Sincethefirst part of the computatiorhasalreadybeendone,Eq. (47)in |, we
turnto theintegrationof u.

Theexpressiorfor u bestsuitedfor this calculationis givenby relations(62) and(61),
which, with relation(70), yield

PE) = > GsQr(d). (72)

r+s=n

The coeficientsgs aredefinedby integrationovern:

&= [ Q). 73

To computethem,we first substitutea new variable z, for v/2n:

0 = 2112255' /HzS (V2n)e " dn

- 21'[2253' / Has(2) e/

This lastexpressioncanbe evaluatedusingthe explicit definition of the Hermitepolyno-
mials,which,for n = 2sreads:

Has(2) = (29)12% z mzlﬂm. (74)

FIZIKA B 6(1997)1, 1-22 13
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Writing m = s— k, andthensubstitutingthis expressiorinto the previousone,yields

[ee]

S k 2k

s —

Theintegral, which represent&aussiaimomentsMyy, is computedoy recursion:

7 !
Moy = / e 7/ 2dz = —(2%(‘2" van (76)

Collectingtheseexpressionspneobtains

—_1)s _1yk92k
Os = %‘[(ZS;!Z(SQD ZK— é_i))qzzk)lMZk (77)

_ 1 (2(=DS s 2X(=1)K
= Vo 2 2k=0{ H)'kI

= \/1 2;)255'5:"‘) ZK— ( )( 2)k

1 (29
= 2n25ed

Sincethe statesareof unit trace relation(72) implies

> o [ Qur®d=1 (78)
whichyields:

1 (2r)!(2s)!

ﬁHZFn ririslsl (79)

This relationis a consequencef the equivalenceconjecturefor the harmonicoscillator
but, beinganalgebraicpropositionin its own right, it is eithertrue or false— andhence
atestfor the conjecture.As we shall seelater, it is a specialcaseof the more general
relation (87), but it caneasilybe proved by itself. To this end, we notethatit suggests
themultiplicationrule for the coeficientsof power series.To exploit this obsenation,we
definethefollowing power series

_ 2 ()
f(2) = r;mzra (80)

in someappropriatedisc of corvergence.If relation(79) is true, all coeficients of this
seriessquaredareunity:

ﬁ@fzgﬂ (81)
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In theunitdisc|z < 1, thisyieldstheclosedform

1

whoseTaylor expansion
_ e l@-nn
f(2 = rZo R T Z (83)

is identicalto the expression80), thusverifying equation(79).

Thenext stepis to comparethe probabilitydistribution p(§), obtainedrom theHilbert
spacesolution(seeEq. (47)in 1) with the phasespacesolution(72). Combiningrelations
(63),(72)and(77),we obtainthefollowing expressiorfor p:

1 & v2@n-2n12r)! ! 25 g2
= H &, 84
PE) \/an; 220r1(n—r)l(n—r)! SZO(ZS)!(r—s)! 2s(8)e (84)
For comparisorwith relation(47) in | we shallneedan expressiorwhoseoutersumover

theindex s of the Hermite polynomialsrunsfrom 0 to n. Oneobtainsit by interchanging
theorderof summation:

[ L . (2n—2r)1(2r)!
p(E)_WTS;ZZ”(ZS)!rZSr!(n—r)!(n—r)!(r—s)

! Has(8)e €. (85)

By the equivalenceconjecturethis function shouldbe the sameasthe function given by
expression(47)in . Since,in bothexpressionsthefunctionalparts(Hermitepolynomials
timesexponential)andthe outersummatiorhave alreadybeenbroughtto the sameform,
only thefollowing conditiononthe coeficientsremaingo be satisfied:

n! oz 2 (2n—2r)!(2r)!
ssl(n—g)!2s  220(2g)! rZSr!(n—r)!(n—r)!(r—s)!'

(86)

This is a propositionin two variables,n ands. We cannot‘require” thatit betrue. Like
relation(79),it eitheris or is not.

To bringthiscombinatoriatelationto amoremanageabléorm, we makethefollowing
substitutions:

q=n-r,
m=n-s

whichimply
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Equation(86) now becomes

22Mi2(n—m)! 2 (2g)1(2(n—q))!
(n—m!(n—m!m "~ & q!g!(n—q)(m-q)!’

(87)

To provethisrelatiort, we first performthe summatioron theright-handsideby using
hypeigeometricfunctionsas a steppingstone. The propertyof thesefunctionswhich is
relevanthereis thatthey canbewrittenin two ways: asaninfinite sumof termsinvolving
Pochhammesymbols,or asa singlerationalexpressioninvolving gammafunctions[2].
Thebasicformulaewe shallneedare

by = 3 (Tp0p2, (@)

(©)n!
wherec#0,-1,-2,...,and

(c)f(c—a—b)

F@bed) = e

(89)

wherec# 0,—1,-2,..., andRec > Re(a+ b). Thedefinitionof the Pochhammesymbols
is

(@, = : (90)
We shallalsoneedthe duplicationformulafor gammafunctions,

rz+3)r@

(27 =2%71 ) (91)
r(3)
andthereciprocityformula
rQrl-z=—_" 92)
- sin(g)”

To write the summandn relation(87) in termsof Pochhammesymbols,we applytwice
theduplicationformula:

(29)! T (29+1)

g  (g+1)
— qu(q+%): 20 }
= Lo =20,

1Theproof hasbeensuppliedby ProfessolV. Rilhl. We mostgratefullyacknaviedgethe contritution.
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and )
(z(n_Q))! _ 2n—2qr(n_q+§)
n-ar o) ©3)

Substitutionof theseexpressionsnto relation(87) yields

2mi2n-m)! _ o r(n-a+3)(3),

2n
(n—m)!(n—mm ~— q;) r(3)ai(m-q)! ®4)
Thenext transformations
Fn—a+3) _T(n+3) (=myq
=gt m  (3-n), ©9)
which, with relation(94), yields
2Mni2(n—m)! o, (n+3) I (3)q(=Mq (96)

(n—m!(n—-m)! r(z) &ao (%—n)q

By formula(88),the sumis ahypeigeometridunction

© (3)q(=myq 1 1
Zat-a, -z ‘97’

The summatiorlimit in relation(94) is m, but it canbe formally takenas sinceit stops
at m dueto theidentity (—m),,, = 0. By relation(89), the samehypeigeometricfunction
canbewrittenin termsof gammafunctions:

1_ 1 - \_TGE-nr(n+m
F(E’_m’i_n’l)_r(in)r(%—n+m)' (%8)

Sincen > m, both beingnaturalnumbers the fractionis of the indefiniteform co/co. To
evaluateit, let ustreatn asacomplex numbem = z ¢ N. Applying thereciprocitytheorem
(92) to the four gammafunctions,oneobtainstherelation

A _I'(z+1)|'(%+z—m).
F(E’ ™2 n'l)_l'(%+z)l'(z—m+1) S (59)

where

sm((% Al |n( z—m)T)
__sin(zim cos((z—m) 1) 1
~ cos(zmsin((z—m)m)
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By continuity, S= 1 for z€ N also. Substitutionof expressiong97), (98) and(99) into
relation(96) yields
—m! ri+n-m
(Z(n m)) — 22n—2m (2 + X ) (100)
(n—m)! r(3)

This relationis identically true, sinceit is the sameas (97) with g = m. This completes

the proof of relation (87). Hence,for the harmonicoscillator at least, the equivalence
conjecturds atheoremNote: Relation(79) is the specialcaseof (87) for m=n.
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Appendix:TheJordan productof exponentials

Sincespecialcasesf the Jordanproductof invariantexponentialsappeatin several
proofsin the maintext, it is mostexpedientto derive the generalexpressiononly once.
TheLie productof suchexponentialsobviously vanishesdentically

By “invariantexponential’'we meanan exponentialfunction of the Hamiltonian,i.e.,
u=eX, wherex = (£2+n2), anda is ary real number The Jordanproducte®ge™ is
thentherealpartof thecomplex product

Y = XX, (A1)

but sincethe imaginarypartof Y (i.e., the Lie product)vanishesthe Jordanproductis
effectively equalto this expression By substitutingthe expressiondor x andfor [J, into
relation(Al), oneobtains

Y = /2 2D OG0 n g2 2?2, (A2)

An operatomnof theform eﬁi represents translatiorby avaluet, i.e., eﬁi f(&)=f(E+1).

We shall formally presere this interpretationevenif t is not a variablebut an operator
providedit commutesvith theargumentof thefunction f. Thus:

() 9% — ¢ (n+ic5}),

since% = 0. With this generalizatiorof the conceptof displacementrelation (Al) be-

comes
¥ = 126 (1) b (1) gz

In this expressionthefirst operator(i.e., the secondexponentialfactor)actsto the right,
thus affecting only the last factor Similarly, the secondoperatoractsonly on the first
factor Hence the expressiorfor Y simplifiesto a productof two simplerfunctionsof two
variables:

Y= (e%(n—icaafeazzn) (e%(n+icaa>2eb€2/2). (A3)

Defininganew function

P(a,b) = (e%(”wz)zebzz/ 2) ) (A4)

of theparameters, b (thevariables, n beingassumed,jve obtain

Y = P(a,b)P(b, a). (A5)
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Let uscomputeP(a, b):
P(a,b) = 63"’ dacnd% g~ 8% ghe’/2, (A6)

2252 . . .
We have herea diffusion operatoreZCzaE , actingona Gaussmrfuncﬂon,ebzz/z, followed
by atranslatione®% . Sincea Gaussiariffusesinto a Gaussianwe have, in general

0%l — AeBXz,

whereC is a constantand A and B are functionsof t with initial conditionsA(0) = 1,
B(0) = C. Sincetheleft sidesatisfieshediffusionequatiord; = 82, somusttheright side,
implying thefollowing differentialidentityin x:

!

A
~+ B x2 = 2B+ 4B%¢4.

Thesolutionswhich satisfytheinitial conditionsare

We obtainP(a, b) by takingt = —ac?/2, C = b/2. With thesesubstitutionsrelation (A6)
now reads

|:>(a7 b) — ;egnz (eiamaE e:_2L abcg+152) .
vabc+1

Theremainingexponentialoperatorrepresentatranslationsn & by iacn. Hence:

1 202 .} 5 (82-a2Pn?+i2acin)
P(a.b) = e 2" e2ad+1 . A7
(a,b) Y] (A7)
From(Al), (A5) and(A7) followsthedesiredrelation
MoK — i

ab+1 ’

which we cansimplify by subsumminghe universalconstant in nen parameters;, and
s, definedasr = ac, s=bc:

1

eX/CgeX/C — ersriX/C, (A8)
rs+1
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Sincec = 1/2, wefinally get

&Wo¥*:F§%1¥%ﬁK (A9)

It is interestingto notethatthe exponentialcoeficient %51 hasthe functionalform of

theadditiontheoremfor the hyperbolictangensTo seewherethis obsenationmightlead,
let uswrite r andsin termsof new parametersyp, s, accordingo the substitution

r = tanheg,
s=tanhy.
Relation(A9) now reads
tanh(o+ )
tanhegy tanhyx _ tanH @+ )X
X ge? 7tanh(p+tanhqje2 . (A10)

Since

tanh(¢+y)  coshpcoshp
tanhp+tanhp  cosh(@+ y)’

we canrewrite relation(A10) as

eZtanlxpx e2tanhpx e,2tan|‘((p+lp))(
(o) () - ovtwrar

This suggestshe definition of a new obsenable,E, which would be a function of @y (or
simply asafunctionof @, sincethe Hamiltoniany is fixed):

exp((2tanhg)x)

E@="" o (ALY)
Whatdistinguisheshis functionis thatit satisfieghe additiontheorem:
E(@)oE(Y) =E(p+ ). (A12)

We shall call it the sigma-&ponentialfunction asit plays, with respectto o, the role
the ordinary exponentialfunction playswith respectto the ordinary product: they both
establisranisomorphiomappingoetweerthemultiplicative andadditive structure of their
respectie algebras.

FIZIKA B 6(1997)1, 1-22 21



GRGIN AND SANDRI: THE QUANTUM OSCILLATOR.. ..

References

1) E.GrginandG. Sandri,FizikaB 5(1996)141;
2) H.BatemanHigh TranscedentaFunctionsl, Mc Graw Hill Book Companw, Inc, 1953.

KVANTNI OSCILATORU FAZNOM PROSTORU.
Il DIO

Primjenomopteg formalizmakaoiji je razvijenu I. dijelu rada,rijesili smo problemsta-

cionarnogharmontkogoscilatora pokazalidasurjeSenjau Hilbertovomprostoru fazno—
prostornajeSenjapotpunoskladna.
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