ISSN 1330–0016 CODEN FIZBE7

MODIFICATION OF THE DEBYE THEORY OF SPECIFIC HEAT DUE TO NON-EXTENSIVE STATISTICS

CARL WOLF

Department of Physics, Massachussetts College of Liberal Arts, North Adams, MA 01247, U. S. A.

Received 21 December 1998; Accepted 6 April 1999

By allowing for a multi-fractal distribution for the population densities of the states of a harmonic oscillator we demostrate that the thermal average energy of a quantizied harmonic oscillator receives a correction due to the non-extensive statistics of Tsallis. By applying this result to the phonon spectrum we show that this in turn generates an anomalous correction to the Debye formula for the specific heat of a solid at low temperatures.

PACS numbers: 05.30.-d, 63.70.+h, 65.40.-f UDC 536.631

Keywords: non-extensive statistics of Tsallis, multi-fractal distribution densities of the states, quantizied harmonic oscillator, specific heat of a solid, anomalous correction to the Debye formula

1. Introduction

The fact that configurations of condensed matter as well as cosmological structures admit fractal or multi-fractal structures has increasingly become realized in the past two decades [1–3]. The universe, usually thought to be homogeneous and isotropic over large scales, has revealed a self-similar structure on smaller scales [4], and in fact all microscopic systems with long range interactions and non-Markovian memory [5] have proved to admit a multi-fractal structure requiring a statistical treatment beyond the usual Boltzmann-Gibbs approach and quantum statistical approach. The introduction of the non-extensive statistics of Tsallis [6] involves generalizing the Boltzmann-Gibbs entropy and takes into account the multi-fractal relationship of the energy levels of a system with respect to one another. Subsequent applications of this idea to the solar plasma [7–9] have proven to cut-off the high energy tail of the Maxwell–Boltzmann distribution and lead to the production of solar neutrinos in accord with experimental finding of solar neutrino production. Along with these studies, applications to a generalized H theorem [10–12], the fluctuation dissipation theorem [13], the Langevin and Fokker–Planck equation [14], the classical equipartition theorem [15], the Ising chain [16,17] paramagnetic systems [18] and the Planck radiation law [19,20], have lead to measurable corrections to the usual treatment in terms of the non-extensive parameter q /=1. In cosmology, the non-extensive statistics of Tsallis leads to a modification of the primordial helium abundance that can be parametrized in terms of (q − 1) [21]. In the present note, we consider the states of the quantized harmonic oscillator to be distributed in a multi-fractal manner, and apply Tsallis statistics to calculate the average thermal energy of a single ”phonon mode” of frequency ν. We then use this average energy to calculate the total thermal energy of the lattice vibrations, which in turn leads to modifications of the Debye theory of specific heat at low temperatures [22]. Since lower and lower temperatures are being probed in low temperature physics [23], limits on modifications of the specific heat due to non-extensive statistics might very well be established if the corrections can be singled out.

2. Non-extensive statistics and the Debye theory of specific heat

We begin by writing the entropy of an ensemble of N identical systems (or particles) using the non-extensive statistics of Tsallis,

S = kN q − 1 ( 1 − ∑^{Pq}i^{) = kσN , (2.1)}

where P_i = N_i/N, q is nonextensive statistics parameter and σ is the dimensionless entropy of a single particle. In the present problem, the non-extensive statistics is applied to the states of a single particle system. Equation (2.1) can be written as S = kN q − 1 ( ∑^Pi^− ∑^{Pq}i^) ( P_i =

N_i N ) , (2.2)

where we vary Eq. (2.2) with respect to N_i, along with the constraints

∑^Ni^{= constant , (2.3)}

∑^Ni^εi^{= constant .}

We find upon using the Lagrangian multipliers μ/τ and −1/τ (μ is the chemical potential, τ = kT , T is the absolute temperature and k is the Boltzmann constant)

N_i = N q^{1/(q−1)} ( 1 + μ − ε_i τ (q − 1)

)_{1/(q−1)} , (2.4)

N_i = N q^{1/(q−1)} exp { 1 q − 1 ln ( 1 + μ − ε_i τ (q − 1) )} , giving for (q − 1) small

N_i = N q^{1/(q−1)} exp ( μ − ε_i τ − (μ − ε_i)^2 2τ^2

(q − 1) ) , (2.5)

To find μ, we expand μ = μ_0 + αμ_1 + α^2μ_2, where q − 1 = α is a small parameter. Further, we have 1 q^{1/(q−1)} = 1 (1 + α)^{1/α} = 1 e^{ln((1+α)/α)}

∼= 1 e^{(α−α2/2)/α} ∼= e^{−1} ( 1 + α 2 ) . (2.6)

(to first order in α), and finally 1 q^{1/(q−1)}

= e^{−1} ( 1 + α 2 ) . When we insert the expansion for μ = μ_0 + αμ_1 + ... and Eq. (2.6) into Eq. (2.5), we find

N_i = N e ( 1 + α 2 ) e^{(μ0−εi)/τ} ( 1 + αμ_1 τ )( 1 − (μ_0 − ε_i)^2α 2τ^2 ) , (2.7) or N_i = N e e^{(μ0−εi)/τ} + αN e e^{(μ0−εi)/τ} ( 1 2 + μ_1 τ (μ_0 − ε_i)^2 2τ^2 ) . (2.8)

When we sum Eq. (2.8) using ∑N_i = N, we have to zeroth and first order for the states of a simple harmonic oscillator (ε_i = (i + 1/2)h̄ω)

e^{(μ0/τ)} = e ∑^∞_{i=0} e^{(εi/τ)} = e e^{(h̄ω/τ)} − 1

e^{(h̄ω/τ)}

, (2.9)

μ_1 = − τ 2 + 1 2τ ∑e^{(μ0−εi)/τ}(μ0 − εi)^2 ∑ e^{(μ0−εi)/τ} . Thus μ_0 = τlne + τln ( e^{h̄ω/τ} − 1 ) + τe^{−h̄ω/2T} (2.10)

≃ τ +h̄ω −h̄ω/2 ≃h̄ω/2 for h̄ω/τ ≫ 1. For μ_1 we have

μ_1 = − τ 2 + μ^2_0 2τ − μ_0 τ ( h̄ω 2 + h̄ω e^{h̄ω/τ} − 1 ) (2.11)

+ 1 2τ ( e^{h̄ω/τ} − 1 e^{h̄ω/τ} )( 1 4 + τ h̄ω + 2 ( τ h̄ω )_2) (h̄ω)^2 .

In evaluating Eq. (2.9), we used ∑^{e−εi/τ = eh̄ω/2τ}_{eh̄ω/τ − 1}^, ∑εie^{−εi/τ} e^{−εi/τ} = h̄ω 2 + h̄ω e^{h̄ω/τ} − 1 , ∑^{ε2}i^{e−εi/τ (i = n)}

by the integral_∞ ∫ 0 ε^2_ne^{−εn/τ}dn = (h̄ω)^2 ∞∫ 0 (n + 1 2 )^2e^{−(n+1/2)h̄ω/τ}dn

= (h̄ω)^2 ∞∫ 1/2 x^2e^{−xh̄ω/τ}dx = (h̄ω)^2e^{−h̄ω/2τ} ( 1 4 + τ h̄ω + 2 ( τ h̄ω )_2) .

Forh̄ω/τ ≫ 1,

μ_1 ≃ − τ 2 + (h̄ω)^2 8τ − (h̄ω)^2 4τ + (h̄ω)^2 8τ = − τ 2 . (2.12)

Thus, μ_0 = h̄ω 2 , μ_1 = − τ 2 , for h̄ω/τ ≫ 1. For the average thermal energy, we have from Eq. (2.8)

ε̄ = 1 N ∑^Ni^εi^{= 1}_N ∑^{Ne−1e(μ0−εi)/τε}i^{(2.13)}

= αe^{−1} ∑ i ( ε_i 2 + μ_1ε_i τ + ( μ_0 − ε_i 2τ^2

)_2

ε_i ) e^{(μ0−εi)/τ} .

Using e^{μ0/τ} = e/(∑e^{−εi/τ}), and μ_1 = −τ/2 in Eq. (2.13), we have

ε̄ = h̄ω 2 + h̄ω e^{h̄ω/τ} − 1 − α 2τ^2

∑ e^{−εi/τ}(μ0 − εi)^2εi ∑e^{−εi/τ} . (2.14)

Again in Eq. (2.14), if we replace the sums ∑ε^2_ne^{−εn/τ} and ∑ ε^3_ne^{−εn/τ} by ∞∫ 0 ε^2_ne^{(n+ 12 )h̄ω/τ} dn → h̄ω 2 2 ∞∫ 1/2 x^2e^{−xh̄ω/τ} dx

and_∞ ∫ 0 ε^3_ne^{(n+ 12 )h̄ω/τ} dn → h̄ω 2 3 ∞∫ 1/2 x^3e^{−xh̄ω/τ} dx

we find for Eq. (2.14)

ε̄ = ( 1 − αμ_0 2τ^2 )(h̄ω 2 + h̄ω e^{h̄ω/τ} − 1 )

e^{(h̄ω/τ)} − 1 e^{(h̄ω/τ)} [ αμ_0 ( h̄ω τ )_2 ( 1 4 + τ h̄ω + 2 ( τ h̄ω )_2) (2.15)

− α 2τ^2

(h̄ω)^3 ( 1 16 + 3 4 ( τ h̄ω ) + 3 ( τ h̄ω )_2 + 6 ( τ h̄ω )_3)]

Again, forh̄ω/τ ≫ 1, Eq. (2.15) becomes

ε̄ = ( h̄ω 2 + h̄ω e^{h̄ω/τ} − 1 )( 1 − α 8 ( h̄ω τ )_2) + 2 32 α (h̄ω/τ)^3 τ^2

. (2.16)

We have obtained the result Eq. (2.16) in a previous note [24], but in that discussion we only considered the specific heat of a single mode ω (Einstein model of specific heat) [25]. We now multiply Eq. (2.16) by 3ω^2/(2π^2V^3_0 )dω, which is the number of modes of phonon excitations between ω and ω + dω (per unit volume), where there are three polarization states and the speed of sound in the solid is V_0 (Ref. 22). We also note that 3N = ω^3_M/(2π^2V^3_0 ), where N is the number of atoms per unit volume. For the totoal energy of the lattice vibrations, we have

U = ω_M∫

0 ( h̄ω 2 + h̄ω e^{h̄ω/τ} − 1 )( 1 − α 8 ( h̄ω τ )_2)( 3ω^2 2π^2V^3_0 ) dω (2.17)

+ 3 32 α ω_M∫

0 (h̄ω)^3 τ^2 ( 3ω^2 2π^2V^3_0 ) dω.

If we subtract off the vacuum energy from Eq. (2.17), we get from that equation

U = 3h̄ 2π^2V^3_0

ω_M∫

0 ω^3dω e^{h̄ω/τ} − 1 − α ∫ (h̄ω)3

τ^2(e^{h̄ω/τ} − 1) ( 3ω^2 16π^2V^3_0 ) dω (2.18)

+α ω_M∫

0 3 64 (h̄ω)^3 τ^2 ω^2dω π^2V^3_0 .

The first term in Eq. (2.18) represents the usual term, and the other two are corrections due to the non-extensive statistics. Letting h̄ω/τ = x in the first two terms of Eq. (2.18), we have U = 3τ^4 2π^2h̄^3V^3_0

x_M∫

0 x^3dx e^x − 1 − 3ατ^4 16π^2V^3_0h̄^3

x_M∫

0 x^5dx e^x − 1 + αh̄^3ω^6_M 128π^2V^3_0 τ^2

. (2.19)

For very low T , we may let x_M → ∞ giving

U = T^4 ( 3k^4 2π^2h̄V^3_0 π^4 15 − K_0αk^4(3) 16π^2h̄^3V^3_0 ) + β τ^2

= γT^4 + β T^2

. (2.20)

where

K_0 =

x_M∫

0 x^3dx e^x − 1 , β = αh̄^3ω^6_M 128π^2V^3_0 k^2 ,

γ is the coefficient of T^4 in Eq. (2.20), ω_M is given by 3N = ω^3_M/(2π^2V^3_0 ), and τ = kT . For the specific heat, we have per unit volume (N atoms per unit volume)

C_V = ( ∂U ∂T ) = 4γT^3 − 2β T^3

. (2.21)

The first term in Eq. (2.21) represents the Debye formula (with the modified coefficient) for the specific heat [26], while the second term represents a negative 1/T^3 correction that increases with decreasing T . Here the correction term will change the curvature of C_V vs. T for decreasing T at low T . Two points should be made concerning the above calculations, firstly, the assumption h̄ω/τ ≫ 1, used in evaluating Eqs. (2.10) and (2.11) breaks down for low ω. However, if the first discrete mode of ω is such that h̄ω > τ, the replacement of the discrete sum by the integral in Eq. (2.17) is justified and the assumption h̄ω/τ ≫ 1 valid in Eqs. (2.10) and (2.11). The second points that in Eq. (2.20), the second term is assumed small compared to the first term, thus below a certain critical T , Eq. (2.21) is no longer valid. The essential point is that when the corrections are taken into account, a small lowering of C_V varying as 1/T^3 will be a signature of non-extensive statistics in the phonon spectrum.

3. Conclusion

The result in Eq. (2.21) predicts corrections to the Debye theory that are unlike any corrections predicted by improving on mode counting due to the discrete nature of the lattice waves. The usual formula 3ω^2/(2π^2V^3_0 )dω for the number of modes between ω and ω + dω receives its first correction as b_4ω^4 dω(b_4 = const) [27]. This in turn generates a correction to C_V that varies as T^5. This implies that any corrections to C_V that decrease C_V at low T with a characteristic curvature of 1/T^3 would be suggestive of the presence of anomalous statistics operative in the phonon spectrum or lattice wave spectrum. Another feature of the curve of C_V vs. T that would reveal anomalous statistical effects is the fact that the coefficient of the T^3 term in C_V would be diminished below that predicted by the Debye theory as expressed in Eq. (2.20) for U. Since extremely low temperature measurements of C_V would yield very small values of C_V , it would be most feasible to search for anomalous deviations from the T^3 behaviour at temperatures exceeding 100 K. The known deviation (Ref. 22, p. 126) of the predicted values of C_V from the experimental value of C_V at 100 K is about 1.4% for silver, which suggests that more precise measurements might be capable of identifying the presence of anomalous statistical effects giving rise to a correction which is of the order of a percent or less.

Acknowledgements

I would like to thank the Physics Departments of Williams College and Harvard University for the use of their facilities.

References

1) J. F. Gouyet, Physics and Fractal Structures, Masson, Springer-Verlag, Paris (1996); 2) T. C. Halsey, in Introduction to Non-Linear Physics, ed. Lui Lam, Springer-Verlag, New York (1994) p. 30;

3) M. Rassem and E. Ahmed, Astrophys. Lett. Comm. 35 (1996) 311; 4) A. Bershadskii, Phys. Lett. A 222 (1996) 375;

5) U. Tirnakli, D. Demirhan and F. Büyükkilic, Acta Phys. Pol. A 91 (1997) 1035; 6) C. Tsallis, J. Stat. Phys. 52 (1988) 479; 7) D. B. Clayton, Nature 249 (1974) 131;

8) J. N. Bahcall and M. H. Pinsonneault, Rev. Mod. Phys. 64 (1992) 885; 9) G. Kaniadakis, A Lavagno and P. Quarati, Phys Lett. B 396 (1996) 308; 10) J. D. Ramshaw, Phys. Lett. A 175 (1993) 169; 11) J. D. Ramshaw, Phys. Lett. A 175 (1993) 171;

12) M. Mariz, Phys. Lett. A 165 (1992) 409;

13) A. Chame and E. M. L. de Mello, J. Phys. A 27 (1994) 3663; 14) D. A. Stariolo, Phys. Lett. A 185 (1994) 262;

15) A. R. Plastino, A. Plastino and C. Tsallis, J. Phys. A 27 (1994) 5207; 16) R. F. S. Andrade, Physica A 175 (1991) 285; 17) R. F. S. Andrade, Physica A 203 (1994) 486; 18) F. Büyükkilic and D. Demirhan, Z. Phys. B 99 (1995) 137; 19) C. Tsallis, F. C. Sa Berreto and E. D. Loh, Phys. Rev. E 52 (1995) 1447; 20) U. Tirnakli, F. Büyükkilic and D. Demirhan, Physica A, in press (1997); 21) D. F. Torres, H. Vucetich and A. Plastino, Phys. Rev. Lett. 79 (1997) 1588; 22) C. Kittel, Introduction to Solid State Physics, J. Wiley and Sons, New York (1963) p. 129; 23) E. B. Genio, G. G. Ihas and N. S. Sullivan, J. of Low Temp. Phys. 110 (1998) 763; 24) C. Wolf, submitted to Il Nuovo Cimento (1998); 25) A. Einstein, Ann. Physik 22 (1907) 180; 26) P. Debye, Ann. Physik 39 (1912) 789;

27) W. Jones and N. H. March, Theoretical Solid State Physics, J. Wiley and Sons, New York (1973) p. 245.

PROMJENA DEBYEVE TEORIJE SPECIFIČNE TOPLINE U NEEKSTENZIVNOJ STATISTICI

Pretpostavi li se višefraktalna raspodjela gustoće popunjenosti stanja harmoničkog oscilatora, pokazuje se da, prema Tsallisovoj neekstenzivnoj statistici, prosječna toplinska energija kvantiziranog oscilatora prima popravku. Primjenom tog ishoda na fononski spektar, dobiva se anomalna popravka Debyevog izraza za specifičnu toplinu čvrsnine na niskim temperaturama.